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PREFACE 


This book is intended to be an introduction to the formal study 
of analytical geometry. The advance from ordinary geometry 
to analytical geometry is often beset with difficulties for the 
beginner, who usually finds it hard to think and visualise in 
terms of the new methods. With a view to making his road 
as easy as possible I have dealt only with the simpler forms of 
the equations belonging to the straight line and circle, in the 
first six chapters of this book, reserving the harder forms for 
the remaining chapters. To the same end I have employed 
a method for establishing the linear locus which involves 
geometry of a very simple and familiar kind, and have after- 
wards applied it when finding the distance of a point from a 
line, a formula the working-out of which is frequently a 
stumbling-block to the learner. In this way it is hoped that 
the progress of the student will be along a path of gentle slope, 
from well-known geometrical methods to the highly anal3d:i- 
cal processes involved in JoachimsthaVs Ratio Eqmtion. In 
many cases I have worked out introductory examples of a 
niunerical type before dealing with a piece of general theory, 
in order tha^ the reader’s mind may have a clear picture to help 
him to follow the general argument. Considerable attention 
has been paid to the text and diagrams dealing with pencils 
of lines and circles, as a firm grasp of these matters is essential 
to the student who intends to proceed to the higher mathe- 
matics. Bearing in mind the needs of the private student I 
have been very full in aU the discussions and have giyc*i mapy 
illustrative examples. 



Vi ANALYTICAL GEOMETRY 

To provide a colleotion of suitable exercises has been a work 
of no small labour. The questions hitherto set in examination 
papers have rarely involved a geometrical figure, but have 
been mere pieces of algebraic work. This source of examples, 
usually so fruitful, has therefore been non-existent for me, as 
my aim has been to show the student that analytical geometry 
does really deal with geometry, and is not all algebra, a point 
on which he is often dubious at the end of the usual pre- 
liminary course. Hence while setting a sufficient number 
of drill examples, I have adapted many familiar deductions, 
or have myself evolved a suitable geometrical configuration. 
Examples worked out in the text have often been inserted 
among the examples at the ends of the chapters, so that the 
student may turn back and compare his own methods with 
those of the book, noting where he may improve when his own 
are inferior, and deriving encouragement when they are 
superior. Whenever possible, he should solve his problem by 
ordinary geometry after he has worked it out by analysis. In 
no case should he neglect to carry out the graphical part of 
those questions in which he has been instructed to use squared 
paper. 

I wish to acknowledge gratefully my very deep indebtedness 
to Dr. W. P. Milne, Clifton College, for invaluable suggestions 
and criticism. I have also to thank Dr. Charles M'Leod, Senior 
Mathematical Master, Grammar School, Aberdeen, for advice 
OB some points ; Mr. John W. Robertson, M.A., B.8c., Mathe- 
matical Master in Robert Gordon’s College, Aberdeen, and my 
(Miileague, Mr. R. W. Evans, B.A,, of Trinity College, Cam- 
bridge, for assistance in reading the proof-sheets. 


J. M. 
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ANALYTICAL GEOMETRY 

CHAPTER I 

CO-OEDINATES ; THE DISTANCE BETWEEN TWO POINTS : 

GEAPHS 

I. Historical . — The remotest source from which geometry 
has reached us is the ancient Egyptians through the work of 
a priest called Ahmes, entitled Directions for knowing all Dark 
Things. The geometry of the Egyptians sprang from the 
practical conditions of their life, and made but little progress 
amongst them. With them it was scarcely more than the art 
of mensuration, a rough system of which was essential, as the 
annual overflowing of the Nile obliterated landmarks, and 
necessitated a survey of the country after the subsidence of 
the waters. As a branch of science geometry begins among 
the Greeks with Thales of Miletus, who flourished between 
640 and 542 b.c. Its development through many centuries 
by that brilliant and gifted race we cannot here trace, but one 
name we must mention in passing, that of Euclid, as his 
influence is felt by every schoolboy who reaches a stage where 
geometry is taught. Euclid was attached to the great Univer- 
sity of Alexandria, founded by the first of the Ptolemy Pharaohs 
who placed him in charge of its mathematical school, which 
remained the most famous in the world till the destruction of 
the city by the Arabs in 641 a.d. Eminent as a mathematician, " 
Euclid is even more distinguished as an editor and text-book 
^triter. Until lately his Elements were widely in use in 

1 B 



OO-OEDINATES 


CHAP. I 


Secoadaiy schools as a fiist book on geometry, and more 
modem books are merely modifications of his work. 

The Greek era in mathematics ended with the fall of Alex- 
andria. After that time the study of geometry was almost 
neglected, and no advance worthy of mention was made till 
the beginning of the seventeenth century, when Kepler and 
Desargues laid the foundations of modern pure geometry. 
With this aspect of the subject we are not here concerned. 
It differs from analytical geometry, which is to be our study, 
in the mode by which it investigates the properties of space. 
Though less elegant, the methods of anal}rtioal geometry are 
far more powerful as a whole, than those of pure geometry, 
where each problem is solved in a special manner. In analyti- 
cal geometry, on the other hand, there is one general plan of 
attack, and it is applicable to many different questions. To 
a Frenchman named Descartes is due the introduction of 
analytical geometry, which has given to mathematicians one of 
their most potent means of investigation. Descartes was the 
firet to perceive that a point covld be heed on a plane by the 
help of two axes, and that the laws of algebra could then 
be applied to the solution of geometrical problems. Living 
between 1596 and 1650 he was contemporaneous with many 
famous men, among them Galileo. The system of co-ordinates 
familiar to every one who has drawn graphs is that introduced 
by Descartes. His invention heralds the age of modern 
mathematics, and the co-ordinates which he used are in 
honour of him called “ Cartesian Co-ordinates.” 

II. The Sense of a Line . — In analytical geometry it is 
necessary to distinguish between the line LB and the line BL. 

L B 

The distinction is that between a journey from “ London 
to Bristol ” and one from “ Bristol to London,” and is called 
the sense of the line. 

Thus LB denotes not merely the length of the line, but also 
‘the mode of traversing it. 
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PLOTTING POINTS 


The difierentiation is efEected by agreeing to mark LB 
with the sign + , and BL with the sign - or vice versa. 

Thus LB = - BL. 

III. Co-ordinates . — Take a piece of squared paper and 
draw on it two perpendicular lines, XX' and YY', intersecting 
at 0 as shown in the diagram following. 


■■■■■■■■■•■■■■■■•■•■•■■■a ■■■■•■■■■■•■•■■■■■■■■■■■■■■■■■■■■■■■■■■••■■■■ 

■■■BBBaaaBaaBBaaBaBBKBaaaaaBBaMBaavBSBBBBBaHBBHBBBHBHaHBBBBiaBaaaHBaa 
aBBBaflaBBBBaaaaBBBBaBBBBBBBBBBBaaaBBBBBaBBBBBBBBBBBBBaBBBBBBaBBaaaBaaB 
•BBBBflBBflBBaaBBBBBBBflBBBBBflaaB aBBaBBBBBBBBBBBBBBBBBBBBBBBBBBIBBBBBaBaB 
BBBBBaBaBBBaaBBBaaaBaBBaBaaBBapBBBBBBBBBBBBaBBaBaBBBBBBBBBBBBaBBBaaaBB 
BaBBflBaBBaaBBBaBaaaBBBBaaaaaaaB.iBaaBBBBBBBBBBBBBBBBBBBBBBBBaaBBBaBBBBB 
BaBaaaaaaBaBaaaaaaaaaaaaaaaaaaBaBaaaBBBBBBaBaBBaBBBBBaaaaaBaaaaaaBiHBaa 
BBBBBBaBBBaBBBaBaBBaaaaaaaBBaBBaBBBaBBBBBBBBBBBBBBBBBBBBBBBBBBBaBBBBBa 
BaBaaBaBaBaBBBaaaBBaaaaaaaaflaaaaBaaBBBBBaBBBBBBBBBBBBBflBBBaBaBBBaaBBBa 
BBBBBBaaaaBaBaBaBBaaBaaBBBaBBaflBBBaBBBBBBBBBBBBBBBBBaBBBBBaBBBBaBBBBBa 
BBaBBBBaaaaBaBaBflBaaaBBaaBaaBBBBBBaBBBBaBBBBBBBBBBBBBBBBBBBaBaBaaBflBBB 
BBBBBaaBBaaBBaaBBBBBBaaaaaBBBBBBBBBBBBBBBBaaaBBBBBBBBBBBBaBaBBBBBBBBBa 
BBBBBBaaBaBBBaaBBaaBBaaBBBaBaaBaaBBBaBBBBBBBBBBBBBBBBBBBBBBBaBBBaaBaaa 
aBBaaBBaBBaaBaaaBflaBBBBaaBBBaa ■aBBBBaaBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 
BaBaaflaBaBBBBBBaaaBaBBBaaB8flaSBBaaB«BaaaBBBaaBaaaBrBaaPB*nBBBaBaaBBaBa 
BBBaaaaBBBBaaaaaaBBBriiiByra'iiiBPit ^aaaBBBBBBaaBBBBBBBi'jsrt^a^iMBaBBBBBBBBBB 
BaaaBBaaBaBBaaaBaaBBk.(JBJ&/BB^C*.jaB8BBBaBBBBBBBBBBBMBaaaaaaaBBBaBBBBaaB 
BaBaaaflaaBBBBaaaBaaaaaaaaBBaaaaBaaaaBBaBBBaaBBBaBaaBaBBBaaBBBBaBBBaaBB 
aBaBBBaaaBBBaBaaaaaBaBBaBaBaaaBBBaaaBaBBaBaBBBBBBBBBaaBBBaaaBBBBBBBaBB 
BBBaaaaaaaBflaBBBBBaaaaaBaBaaBBBaBaBaBBBBBBflBBBBBBBBBaaBBaaaaBaBBBBBBBB 
aBBaaaaaBaaBaBaBaaaBBBBaBaaaaBBaaBBaBBBBBBBaaBBBBBaBBBBaBaBBBBBBBBBBBB 
flBaBaaaBBBBBBaBaBBBBaBBBflBaBBaBnPflSBBHHBBBBaaBBBBBBBBBBBBBBaaBBBBflB 
BaaaaaBBBBaaaaBaaBBaaBaBaaaaaaBaBaaaaaBaaaBBaaaBBaBBBBBBBaBaBaaBBBBBBa 
aBaBaaaaflBaBaBBaBBBBaaaaaaBaaasaasaaaBBBBBBaaBaaBaBBBBBBBaBaBBBBBaaBBB 
BaBaBaBaaaBaaaaBflBBaBaaBBaaaaaaBaBBaBBaBBBaaaBaaaBBBBBBBaaBBBBBBBBBBBB 
aBaBBBBaaBaaaaBflaaaaBaaaaaaaaBCf'BBBaBBBBBaaBaBBBBaBBaaBBBBBaBaBBaaaBBB 
aaaBBBBaBBaBaBaBaaaaaaaBflaaaB-dr'^aaaaBaBBBaaBBaBBBaBBBaBBBBaaBBBBBaBaaB 
aaBaaaaaaaaaaaBaBaaBaBaaBaBBBs ■BBaaaBaaBBBaaaBBBBBBBBBBBaBBBBBBiiaBaBBa 
aaBBaBaaaaBaBBaBaaaaaaaiiBBBBaa aBaBaBBBaBaaBBBBBBBBBBaaBBBaaaBBaaBBBBBB 
BBBBBBBaBaBaaBBBBB8BBBBBaBaBaB|aBBBBBBBBBBBBBBaBBBBBBBBBBBBBaBBBBBBBBa 
BBBBBaaa8B8aaB--;aaaBBBBBBaaflBaaBaBBBBaaB8aBBraBBBBBBaBaBaBaBBaaBaBBBB8 
aBBaaaaaaBaaaBaaBaaBBBBBBBaaaaiaaBBBBBBBaaBar.BBBBBBBaBBBBBBBBBBBBBBBBB 
aaaaaaaaaBBBab-BaBaaaBBBBaBaaBBBBaaBBBBBBBBaBBBBBBaBBBaaBBaBBBBBaBaaaB 
aBaBaBBBaBaBBBBaBaflBaBaBBaBBflaBaaBBBBBBBaaBaBBBBBBBBBaBaBBBBaaa-*-*— — ‘ 

aBaaaaaBaBBBBBaaBBaaBBaBaaBaaaBaBBBBBBBaBBBBaBBBBBBBBBaBBBBBBia 

■aBaBBaBaBBBBaBaBBaBBBBBBaaBBaaBBaaaBBBaBBBBBBaBBBBBBBBBBaBBBBaaBBaaaa 

aaBBaBBaaaBaBaBaaaBaaaaBBaaaBciiBBBBBBBBaBBBBBBaBBBBBBBBBBaBaBBaBBBBBBB 

aBBBaBaBBaBaaBBBaBaBBaBB8BaaaaaBaBBBBBB8aBBBB8BBBaBBaB8BaaaBBBaBBaaBBa 

BaaBBBaBBBBBBBaaaBaBBaaBBaBaaBBaaaaaaBBBBBBBBBBaBBBBaBBBBBBBBBBBBaBaaB 

BaaBBBaBaBaBBaBaBBaBBBBBBBBBBBBBBBaMPPPPPPBBBBBBBBBaaBBaBBBBaBBBBBBaB 

■■BBBaBBBaBBBBBaBBBBBBBaaBBaaBBBaaaBBBBBBBBBBBBBBBaaBBBBBBBaaBBBBBBBBB 

■BaBBaaBaaaaBBBaBaaaBaBBaaaaBBaaBaaBBBBBBBBBaaaBBBaBBaaBSBaBBaaBBaBaBa 

BaBBBaBBaBBaBaaBaaBBaBBaBaBaBBaaaaaBBBBBBBBBaBBaBaaBBaaBBBaBBBaaaaaaBB 

aBBBBBBBBBBaBaBaBBBaBaBBBaaB8BBBBBBPBPPPBPPBBflBBBBBBBBBBaBBBBBBBBBaaBB 

aBaBBBaaaBBBBaBaBBBaBBBBBBBBBBaaaaaaBBBBBBBaBBBannBBBBBBBBaBBaBaBBBaaB 

aaaaaaaBaBaaBaBBBaBaBBBBBBaaBaaaaaBBBBBBBBaBBBBBik'iaBBBBaBBBBaaBBaaaaBB 

aaaaBBaaaaaaBaBaBBBBBaaaaBaaBflBBBaaBaBBBaBBBaBBBMwaBBaBBBaaaaaaaaBaBBa 

a'^TBBBBaaBC.-iBaaBBaaBrBBBaaaar.'iBBBBaaBBBrvraaBaBBBa'ic'iBBaBBaBnifc^aBBBarra 


ak %aaBaaKjr ^aaBaaBa 3 taBBaBBBi''i 8 BBBaaBBBi 4 BaBaaBBBajr laaBBBBBkjr'iBaaBBB ^a 
aaaBBBaBaBBBaaBBaaBBBBaBBBBBBBBBaBPPPPPPB*BPBBPBM*B*M**""*>B*aBBBBaa 
aaBaaaBaBaBaBBBBaaBBBBBBBBBBBaaBaBBBBBBBBBBBBBBBBBaBBBaBaaBBaBaBaBBBaa 

■aBBBBBBaBBBBaBaBBBBBBBBBBaaaflBBaBaaBBBBBBBBBaBBBBaBBaBBBBBaaBBB 

■BBaBBBBaBaaBaBaBBBBBBBaaaBaBBBBaaaBBBBBBBBBBBBBBaaBBBBBBBBBBBBB 
BBaBBflBBBaBflaflflaBBaBBaaBaBflBBBaaaaaBflBaaBaBBBBaBBaBBaBBBBBBaBBBB 
aBBBBaBaBBBBBaBBaBBBBBBBBBBBBaaBBaBBBBaBBBBBBBBaBBBBaBBBBBaBBBBa 


aBBBBBBBauuBtaajaKaaBaBaaaBaaBBBBaaaBBBBBBBBBBaaB 
BBBaBBaaBaaaBBaaaaBBaaaaaaBaaBBBaaaBBBBBBBBBBBaB 
■BaBBBBBBBBBaBaaBBaBaBaaaBaBaBBBBiaBBBBBBBBBaBBB 
aBBaBBBBaaaBBBaaaaBBaaBBBBaaBa BBaaaBBBBBBaaBBBBB 
■aBBBBBBBaaBBBaaaaaaaaaaaBBBBBaaaaaBBBBBaBaBaBBB 
BBaBaaaBBBaaaaaBaaBBBBBBaiBBBBiBBaaBBBBBBBBBBBBa 
■BBaBaBBBaaaBaaaaaaaaBBBaBBBaBc-iaaaaaaaBBBBaBBBB 
BaBBBBaBaaaBBBBBaaaBaaaBaaaBKJi naaaBBBBBBBBBBBBB 
■BBBBBBBBBBBBBaaBBBBaaBBaBBBaaBaaaBBBaBBBaBBBaBB 
•aaBBBBBaBasaBBBBBBaaBaaaBBaaaaaaaaaaaaaaaBaaaaa 

■ BBMBBBBBBBBflB~ 7 aBBBBBBBBBaflaBaBBaaBBBBBBBBB* r.r^B 

■ BBBBBBaaaBBBB f riBaBaBflBBBBBBBa BBBBBaBBBBBBBBril ’BB 
■■BaBBBBaaBBBt^JBflaBaBBBaBaBBBBB8aBBBBBBaBBa«BBB 
■■BaaaaBBaBBBaBaaaaBaaBaaBBBaaaaaaBBaaaaaaBaaaaB 
■■■BaaBBBBBBBBaBBaaaaaBBBBBBBBBBBaBBBBBBBBBBBBaB 
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0 is called the origin, XX' and YY' the axes. The axes 
divide the plane of the paper into four regions called the four 
quadrants, which we have numbered 'I., II., III., and IV. 

Let the unit of length contain 10 of the small divisions on 
the squared paper. 

Starting from 0 count 2 units to the right along OX and 
then 3 units upwards. Mark the point arrived at P. 

Next trace 2 units to the left along OX', and then 1 unit 
downwards, naming the point now reached R. It is in the 
third quadrant. 

The axes have thus enabled us to give directions for the 
marking, or as it is called, “ plotting,” of two points P and R. 

It is necessary, however, that we should be able to give 
these instructions more expeditiously. The following conven- 
tions are therefore adopted : — 

(i.) Lengths which have the same sense as X'X will be 
marked + , those having the sense of XX' will be marked - . 

(ii.) Lengths having the same sense as Y' Y will be marked 
+ , and these - which have the sense of YY'. 

XX' is called the axis of x and YY' the axis of y. The 
x-axis is divided into two similarly graduated “ measuring- 
rods ” OX and OX' . The division numbers on the first will 
have the sign +, as the sense of OX is positive, while the 
numbers on OX' will have the sign - , since the sense of OX' 
is negative. For the same reasons the scale numbers on OV 
will be marked plus, and these on OY' will be marked minus. 

If from the point P in the diagram, we draw PN perpen- 
dicular to XX', then ON is called the “abscissa ’’-or x-co- 
ordinate of P, and NP its “ordinate” or y-co-ordinate. 

Thus the co-ordinates of a point are its distances from the 
two axes, attention being paid to their signs as we are about 
to describe. 

If we wish to reach the point P on the paper we say “ plot 
the point (2, 3) ” meaning, count 2 units along OX, then 3 
units upwards, and mark the point so obtained. Within 
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the brackets the abscissa is always named first and the ordinate 
second. The point R would therefore be the point ( - 2, - 1), 
since to arrive at it we must count 2 units along the negativ#*' 
scale OX' and then 1 unit downwards, or in the negs,tive 
direction for ordinates. 

The following points are situated one in each quadrant, as 
shown in the diagram. 

P^(2, 3), g^(-l, 3), P^(-2, -1) and 5^(3, -2). 
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la general if x be the abscissa of a point and y its ordinate, 
we ose the notation Ps (x, y). 

Eiamtle 1. — Plot the following points As(l-7, - 1-2) B=(3, 0), 
and Cs(0, - 1-6). 

A is in the fourth quadrant, B is on the x-axis and 0 on the y-asis. 
(See Diagram 2.) 

Example 2. — Plot the point P=(l, 2) and find its distance from the 
origin. 

From P draw PN perpendicular to XX’, and join OP. (See 
Diagram 2, page 5.) 

Then OP^ = ON^-hNP^ 

= P+2* 

= 6. 

OP= ^/5. 

The length of OP is very nearly 2-24 units. 

Example 3. — Find the distance of the point (1-5, -2T) from the 
‘origin. 

Make the same construction as before. (See Diagram 2.) 

0P“ = (1-5)* -t-(-2-l)». 

= 6 - 66 . 

OP -2-58 nearly. 

Example 4. — In Example 3 what is the she of xdp ? 

We have tan XOP-^^ 

ON 

= “ 

“1-5 
= - 1-4. 

Zdp = 305° 32'. 

IV. Distance of the point Pm {x, y) from the origin. 

Draw PN perpendicular to OX. 

Join OP. 

Then 0P^ = 0W + NP^ 

= ofl + y^. 

Let OP^dg 

Example. — Find the distance of the point 
( - 3, - 4) from the origin. 
dfi = x^+y‘ 

=(-3)*+(-4)» 

=26. 

.'. d^=5. 



We have 
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V. Find the length of the line joining the points P= (x^, 
and Q^(Xa, Vt)- 



Plot the points P and Q, and draw PN and QM perpen- 
dicular to XX'. Draw also PL parallel to it. 

Then PQ’‘ = PL^ + LQ\ 

Now PL = NM =OM — ON = X 2 — Xi, 

and LQ = MQ-ML=MQ-NP = y 2 ~yi, 

PQ^ = (X2 - Xif ( 2/2 - yif. 

Let PQ = d 

.■.d= + 

Example 1 . — Find the length, of the line joining the points (1, 1 
and (3, 2). 

= (3-l)»-t-(2-l)= 

= 4-f-l 

= 6 . 

.x/5 = 2-24 nearly. 

Example 2. — Find the distance between the points (2-2, - 1'4) and 
( - 3-8, 1-6). 

We have d^ = {x^ - a:i)« + 

= ( - 3-8 - 2-2)H ( 1 -6 -1- 1 -4)* 

= (-6P-K3)* 

= 45._ 

d =\/45 = 6-7 nearly. 

VI. Find the co-ordinates of the mid-point of the line joining 
the points P={x^, and Qs(x 2 , J/*). 

Let Rs (x, y) be the mid-point of PQ. 

Draw PN, QM, and RK perpendicular to XX'. 
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Then since R is the mid-point of PQ, therefore K is the 
mid-point of NM. 



We have OK = ON + NK, 
and OK = OM-KM. 

ButM = JKM 

^OK^ON + OM, 

X, +x« 

■••*= 2 


Similarly if perpendiculars be drawn to the j/-axis we can 


show that y = 


«/! + »/■> 


Hence 



Example 1. — Find the co-ordinates of the mid-poira of the join of 
(1, 3) and (5, 2). 


xi+ajj 


l-f-5 


= 3 


y 2 2 


The mid-point is (3, 2-5). 

Example 2 . — Find the co-ordinates of the mid-point of the line 
joining the points ( - 2, 4) and (6, - 7). 

2 

.yi+y2_4-7 


“-"2 ■ 


y=-- 

M 

The mid point is (2, - 1-6). 


= 2 

- 1 5. 


VII. Loci . — If a point is constrained to move according to 
a prescribed law, the path it follows is called its locus. Fix, 
for example, one end of a piece of string by a tack to a flat 
piece of cardboard. To the other end fasten a pencil and 
move the latter so as to keep the string taut. The point of the 
peneil will leave a circular trace, showing the path along which 
it has moved. Again fix the two ends of a piece of string to 



AST. VII 


LOCI 


9 


the cardboard so as to leave the string slack. Now pull it 
tight by a pencil and move the latter so as always to keep the 
string in this condition. The trace of the pencil-point % 
called an ellipse. It is the locus of a point which moves so 
that the sum of its distances from two fixed points is constant. 
Other examples could be given, but it is not often easy to trace 
a locus by mechanical methods. 

In analytical geometry points are constrained to move so 
that their co-ordinates satisfy some assigned equation, as, for 
example, y — ^x-\ or a:® - ^ = 4 . 

The loci can be traced by the help of squared paper, and 
their nature ascertained. In any equation no more than two 
unknowns, or variables as they are properly called, must 
appear, namely the co-ordinates x and y of the moving point. 
Any other letters in the equation must stand for assigned 
numbers. The curve over which the point moves is called 
its locus. It is also called the graph of the equation. 

In analytical geometry we name a curve by its equation. 
Thus we speak of the straight line 2y = x + Z, or the circle 
= 4 when we mean the graphs of these equations. 

Example 1. — A point moves so that Us co-ordinates satisfy the 
equation y — x. Find its locus. 

From the equation we have 

2 / = - 2 when x= -2 
y= - 1 when x= - 1 
y= 0 when x= 0, 

and BO on. These results are tabulated in a more compact form, as 
in the following chart : 

;r| -2| -1|0|1|2|3( 
j/1 -21 -1|0|112|31 

Any value of y is written below the value of * to which it 
corresponds. 

The scheme will be familiar to any one who has drawn graphs. 

The points lie on a straight line through the origin as shown in 
Diagram 3. 

We infer that the locus is a straight line passing through O. 

Example 2. — A point moves so that its ordinate is always 4 units 
long. Find its locus. 

i ' Let P={x, y) be any position of the variable point. Then y=4 
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tu) matter what the value of x may be. We therefore have the 
following graph chart : 



BiaosAM 3. 


These points, as we see from the graph, lie on a straight line 
l>arallel to the x-axis. This line is the locus of F, (See Diagram 3.) 
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ExasIPLE 3. — A point moves so that its co-ordmates satisfy the 

equation y = 2‘ locus. 

Prom the equation 1 / = -S when x = l 
?/= 0 when *=0, 

and so bn. 


a:|_-2J i ^ I Ai I ^ f 

y\ 2 I 1-26 I -5 I -125 | 0 | -125 ] o ] 1 125 | 2 | 



Diaobau 4. 

The locus is the curve shown in the diagram. It is called a 
“ parabola.” 


VIII. MISCELLANEOUS EXAMPLES 

Exauple 1. — Plot the points A=(2, 4), B=(l, 1) and Cs{3, 2). 
Find the area of A ABC. 

In the following diagram A ABC is shown. 

Draw the ordinates AL, BM, and CN. 

4 ' llien A ABC = figure ABMNC - trapezium BMNG. 

= trapez. ABitfi+trapez. ALAC-trapez. BUNG. 


OO-OEDINATES 


Now the area of a trapezinin is equal to half the sum of its parallel 
sides multiplied by the distance between them. 


i3n>sa/junanBBMnu 
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Diaorau 6. 

.• A I (MB+NC)M N 

_ i(l+4)+l(4+2)- 2(1+ 2) 

6 2 

~ 2 ' 

The area of the triangle is 2-5 sq. units. 
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Example 3. — A point P in the. first quadrant is at a distance of 6 
unUsfrom the origin. If the angle XOP is 40“ find the co-ordinates' 
ofP. 

Let P=(*, y). Draw the ordinate NP. y 

Then ON = OP cos 40“ Pfx.y) 

and . NP -OP 811x40°. 

.'. x=5 cos 40“ = 3-83 (nearly) 

and y=6 sin 40“ = 3-21 (nearly). 

Example 3. — From a variable point P ^ o n x 

perpendiculars PN and PM are draum to the 
axes. If the perimeter of the rectangle ON PM 
is always 6 units, find the locus of P. 
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Diagram 6 

Let P=(a:, y) be any position of the variable point. 
Then since .^P+AfP=3 

x+y=3. 
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We bare to draw the graph of this equation. 


-2| -1|0|1 

|2|3 

1 4| 6| 

y\ 6| 4|312 

IMOl 

1 -1| -21 
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ExamflB 4 . — From a variable point P perpendieidars PN and 
PM are draum to the axes. If the area of the rectangle ONPM U 
always 4 eg. units, find the locus of P. 

Let P=[x, y) be emy position, of the variable point. (Diagram 7.) 
Then smoe NP-MP=4, * 

xy = 4:. 

The locus of P is the graph of this equation. 

*1-6 I- 6|-4|-3 |-2|-11--8|--6 10 1-6 ,8'1|2|3 |4| 5i 6 1 

y I - -67) - -81 - 11 - l-33i - 2 1 - 4] - 5) - 6-671oo |6-67J 5 1 4 112| 1-33111-8I-671 
The curve is called a “ rectangular hyperbola ” and consists of 
two branches. 


rEsitme 

1. The a-co-ordinatc of a point is called its “ abscissa,” the 
j/-co-ordinate is called the “ ordinate.” 

We write P={x, y). 

2. The distance of the point (*, y) from the origin is given 
by the formula 

3. The distance between the points {x^, yf) and {x^, y^) is 
given by the formula 

4. The mid-point of the line joining (*i, yf) and {x^, is 
(xi±Y 3 yi+y2\ 

V 2 ’ 2 ; 

5. The graph of an equation is the locus of a point which 
moves so that its co-ordinates satisfy the equation. 

EXAMPLES 

1. Plot the following points : (2, 3), ( - 4, 1), ( - 3, - 2), (6, - 1-8), 
(0, - 2-4), (3-2, 0), and ( - 2-9, 0). 

2. Mark the point (3, 4) and find its distance from the origin. 

3. Mark the point ( - 1, 3-3) and calculate its distance from the 
origin. 

4. From the point P=(2, -4-8) perpendiculars PN and PM are 
drawn to the axes. Calculate the lengths of the diagonals of 
ONPM. 

<■ ’ 6. A straight line cuts the axes at the points A=(4, 0) and 
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Bs(0, ly. Find the length of AB. Find also the area of A OAB, 
and so find the length of the altitude from 0 correct to two decimal 
places. 

0. Calculate the distances between the following pairs of points 
(2, 4) and (5, 6), (-1,3) and (2, - 1), ( - 3-6. 4) and ( - 5-2, - 2-6), 
(4-6, 0) and (1-6, - 3-8) (to the second place of decimals where 
necessary). 

7. Mark the points P=(l, 2) and Q=(3, 5). 

Find the length of PQ. 

Perpendiculars PN and QM are drawn to XX'. 

Find the area of the trapezium PNMQ. 

8. Draw the triangle whose vertices are (1, 2), (2, 6) and (4, 3). 
Obtain its area by the method of Example 1, Article VIII. 

Use the same method to find the areas of the triangles whose 
vertices are — 

(i.) (0, 1-6), (2-4, 1-8) and (3'2. 6). 

(u.) (2.2, 1-4). (5-4, 4-6) and (3, - 2). 

9. Obtain the area of the first triangle of last example by applica- 
tion of the formula Js{s -a) (a- b) {a - c). 

10. Find the co-ordinates of the mid-points of the lines joining 
the following pairs of points, drawing the figures on squared paper in 
every case. 

(1) (1, 2) and (3, 4). (5) ( - 3, 2) and ( - 1, 4). 

(2) (2-2, 3'4) and (5, 4). (6) ( -2, -3-8) and ( -4-6, -8). 

(3) (0, 0) and ( -2, 3). (7) (0, -2-7) and (1-7, 4-9). 

(4) (2-6, 0) and (1, 3-8). (8) (- 3-6, - 2-4) and (3-6, 2-4). 


11. Mark the point Ps(4, 2). Draw PM and PN perpendicular 
to the axes. What is the inid-x>oint of MN ? Calculate its distance 
from the origin. 

12. In the equation 2x-h5!/ = 10, what is the value of x when 
y = 0, and the value of y when x — Qt 

At what points P and Q does the graph of the equation therefore 
cross the axes ? 

What are the co-ordinates of the mid-point of PQ ? 

1 3. In the equation a:® -f-y^ = 4, what are the values of z when y = 0, 
and the values of y when x=0 1 

Hence name the points P Q B and S where the graph crosses the 
axes. 


Draw the square PQBS and find the area of the square obtained 
by joining its mid-points. 

14 At what points does the graph of ^ = 1 cross the axes 7 


JIPQB and S are the points, find L and M, the mid-points of PS 
and BQ, and show that the origin is the mid-point of LM. Find 
jdso the area of the rhombus PQBS. 
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16. The {p?aph of y = a:*-4r+3 oroasea the x-axia at two pointB 
A and B mmT the y-axia at a point C. Find theae points and the area 
of A ABC, 

16. Find the area and the perimeter of the triangle whose vertices 
are the three points at which the graph of y = x^ -x-% crosses the 
axes. 

17. Find the points A and B at which the graph of - + r = 1 crosses 

the axes. “ ° 

Find the distance of C, the mid-point of AB from 0. 

Show that AB = 200. 

t 

18. A point P = (h, k) is taken. 

It is joined to a point Q on XX' which is such that PQ is bisected 
by the i/-axia. 

Find the co-ordinates of Q. 

19., P and Q are the points where the graph of y = x^+ix - 5 
crosses the a;-axis, and It is the point where it crosses the y-axis. 
Calculate the distance between R and the mid-point of PQ, 

20. Draw the quadrilateral whose vertices aro (0, 0), (5, 0), (2, 4), 
and (0, 6). Calculate its area. 

(Hint : Divide the quadrilateral into two triangles by the diagonal 
through 0.) 

21. A and B are the points where the graph of 2*-|-j/-4 = 0 
crosses the axes. C is the point (6, 9). Obtain the area of the 
quadrilateral OAGB. 

22. If C is the circumference of a circle, A its area, and r its radius, 
then we know that 

C=2vr 
and d = jrr*. 

Draw the graphs of these equations on the same sheet of squared 
paper, plotting values of r along the horizontal axis. 

What is the radius of the circle whoso area is numerically equal 
to its circumference ? 

23. A point lies in the third quadrant at a distance of 2 units 
from the origin. If the length of its ordinate is 1-6 units, what is the 
length of its abscissa ? 

24. Plot a point P in the first quadrant at a distance of 3-4 units 

from the origin and such that XOP = Z5'°. Calculate the lengths 
of the co-ordinates correct to the second place of decimals. 

25. A man walks from a place in a direction 28° N. of £. at the 
rate of 3J m. p.h. After 2 hr. 20 min. tell (i.) how far north and (ii.) 
how far east he is of the place from which he started. 

26. The point ( - 1, 4) is the mid-point of a line, one of whoso 
<. Extremities is at the point ( - 6, 6). Where is the other extremity Y 

c 
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A The support of a see-saw has a height of 3 ft. Show that if 
one raid of the swing-plank is 1 ft. above the ground, the height of the 
other end in no way depends on the length of the plank. 

28. A point moves so that its co-ordinates satisfy the equation 
a = y. Draw its loons. 


29. Draw the locus of a point which moves so that its co-ordinates 
satisfy the equation y = x-3. 

30. Draw the loci of the points which move so that their 
co-ordinates satisfy the following equations ; — 

, (1) 2a:4-3y = 6 (3) a:*-fy* = 8 

(2) y = (4) 




31. From a variable point P perpendiculars PM and PN are 
drawn to the axes. If Ps(x, y), and if the area of the rectangle 
ONPM is always 6 square units, express the equation connecting the 
co-ordinates. Use it to draw the locus of P. 


32. From a variable point P perpendiculars PM and PN are 
drawn to the axes. If the diagonal of the rectangle ONPM is 
always 3 units long, express this in an equation and use it to draw 
the locus of P. 

33. P is a fixed point on the y-axis such that OB is 10 units long. 
P is a variable point, the square on whose distance from XX' is equal 
in area to the triangle OPB. Draw the graph of the equation which 
gives the locus of P. 

34. A circle is described with centre O and radius 2 units. P is 
a variable point and PN is perpendicular to XX'. If the tangent 
from N to the circle is always equal to NP, obtain the equation giving 
the locus of P, and draw its graph. 

35. A square ABGD is described on the line joining the points 
A=(6, 0) and P=(0, 4) so as to be turned away from O. Find the 
Oo-ordinates of C and D and of the centre of the square. 

Deduce from the results that the centre of the square lies on the 
bisector of XOY. 



CHAPTER II 

THE GENERAL EQUATION OF THE FIRST DEGREE IN X AND y : 

EQUATION TO A STRAIGHT LINE IN “ INTERCEPT FORM ” : 

THE INTERSECTION OP TWO STRAIGHT LINES 

I. The equation to a locus. 

We shall indicate very particularly the procedure followed 
in analytical geometry in dealing with a locus problem. 

(i.) The law of constraint under which the variable point 
moves is carefully stated. 

(ii.) Suitable axes are chosen and the equation connecting 
the co-ordinates is worked out. 

(iii.) The graph of the equation is drawn. 

This graph is the required locus, for the co-ordinates of every 
point on it satisfy the equation which algebraically expresses 
the law of constraint under which the variable point moves. 
The equation itself must contain no variables other than the 
co-ordinates. The rest of it consists of constants or numbers 
which when assigned or determined are fixed once and for all, 
otherwise a graph could not be drawn. Take, for example, the 
equation 2£c’“-5a:2/ + 3=0. The constants appearing in it are 
2, - 6, and 3, and these cannot be changed, for if we did so 
we would proceed to draw a portion of another graph. It is 
only the values of x and y which vary, and of those only one 
at a time is at the disposal of the worker, for when a value is 
assigned to x say, then the value of y is given by the equation. 
The variable or co-ordinate to which we are assigning values 

19 
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is called the independeat variable, and the other is called the 
dependent variable. In our equations we shall often meet 
other letters, however, besides x and t/, but these letters 
stand for given numbers, and, as we have said, are called 
constants. For example, the equation we have just been 
using might be looked on as a particular member of a general 
type lx^ + mxy + n~Q, the various members being obtained by 
stating values tor I, m, and n, as 2, - 6, and 3 in the example 
chosen, and we must know them before we start to draw the 
graph. 

Certain graphs are so important that we learn to recognise 
them from their mere equations. One of these is the straight 
line. It will form the subject of discussion in the present 
chapter. 

Such an equation as 3sc-5y+2 = 0 is called an equation of 
the first degree in x and y. No term contains xoiytoa. higher 
power than the first, nor any product of these variables. For 
example, the equations 3x^ - 5a; + 4 = 0 and 3xy + 3a; - = 0 are 

not of the first degree in x and y, as the former contains a 
term in x^ and the latter one in xy. The equation 3x - 2 = 0 
may, however, be regarded as an equation of the first degree 
in X and y, where the term in y is absent owing to its coefiScient 
being zero. In full the equation would be 3x + - 2 = 0. We 

shall prove that all equations of the first degree in x and y 
have straight lines for their graphs. Hence they are sometimes 
called linear equations. Their general type is Ix + my + 11=^0. 
The term n is called the absolute term. 

• II. Introductory example : Points M and L are taken on the 
X and y axes respectively, so that OM = 4 atid OL = 3 units. P 
is a variable point, such that the quadrilateral OMPL is always 
9 sq. units. Find the locus of P. 

Since OM =4 and 0£=3, 

AM = 5 units, 
and A OML’=% sq. imits. 
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Subtracting its area from that of the whole quadrilateral 
OMPL, we have 

APML = S sq. units. 

Now this triangle stands on a fixed base LM of length 5 
units. Hence P moves along a line 
parallel to LM and at a distance of 1-2 
units from it. 

Without reflection we are apt to say 
that the locus of P is two lines parallel 
to LM lying on* either aide of it and at a 
distance of 1-2 units from it. But in this 
example P cannot lie on the origin side of LM as at P', for in that 
case the quadrilateral OMP'Ii = A OML- A P'ML = 6- 3 = 3, 
whereas its area was given to be 9 sq. units. The quadri- 
lateral therefore prevents the locus from being an ambiguous one. 

III. The graph of any equation lx + my + n = 0, of the first 

degree in x and y is a straight 
line. 

Let P = (x, y) be any 
point in the plane of the 
axes. 

Take M on OX and L on 
OY so that OM = tn and 
OL = l. 

Then lx = OL x x = 2A OPL, 

and my = OM xy=2A 0PM. 

.-. lx + my = 2 quad. OMPL, 

a geometrical interpretation of lx + my which should be noted 
as it will be used hereafter. > 

It therefore follows that if P is on the graph of 
lx + my + n=0, 

then 2 qaad. OMLP + n = 0, 

.-. quad. OMLP^ 

>= constant. 
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Now part of this quadrilateral, namely A OML, is fixed. 

Hence the remainder A PLM is of constant area. 

Its base LM is fixed, so that the locus of its vertex P is a 
straight line parallel to LM. But the locus of P is the graph 
of the equation lx + my + n=0. The latter is therefore a 
straight line. 

In passing we shall point out an immediate corollary which, 
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however, will be fully dealt with- in a subsequent chapter. 
Suppose that I and m retain the same values throughout, 
but let n range through a series of values, as for example 
Ix + my- 1 = 0, Za: + w«/- 3=0, Isc + my-t- 9 = 0, and so on. Then 
We shall evidently obtain as the graphs of these equations a 
series of straight lines parallel to LM. Hence the graphs 
of linear equations which differ only in the absolute term, are 
parallel straight lines. 
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Example 1 . — Draw the graph of the equniim 2a:-3j/+6=0. 

We know that the graph ia a straight line since the equation is of 
the first degree in x and y. We need therefore plot only two points 
on it. 

Now y = 4whenx=3, 

and y = 2 when *=0. 

The line is that joining the points (3, 4) and (0, 2). (Diagram 1.) 

ExamplA 2. — From a variable point P, perpendiculars PN and 
PM are draum to the axes. If the length of the rectangle ON PM always 
exceeds the breadth by 2 units, find the locus of P. 

Let P=(x, y). 

Then since ON - NP = 2, x-y = 2. 

The loons of P is the graph of this equation, and is a straight line. 
By plotting the points (3, 1) and (1, - 1) which lie on the graph, we 
obtain the straight line. (Diagram 2.) 


IV. Particular cases of the equation lx-tmy + n = 0. 

(i.) First let us suppose that m = 0 but that I and m are not 
zero. 

The equation then reduces to he + mj/ = 0. 

It is evidently satisfied by the values x = 0 and i/=0. 

Henbe the graph is a straight line passing through the 
origin. 

Example. — Draw the graph of y — \x. (Seq Diagram 3. ) 

The graph is a straight line, so we shall find two points on it. 

Now y = 0whenr=0, 

and j/ = l when x=2. 

The line therefore passes through the origin and the point (2, 1). 
(ii.) Let Z = 0, but let m and n not be zero. 

The equation then becomes 

mt/ + n=0, 
n 

• or v= 

^ m 

The ordinates of all points on this graph are therefore equal 
no matter what values the abscissae may have. 
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The graph is a straight line parallel to the x-nxis, and at a 
, w . , 

distance of units from it. 

The side of XX' on which the line lies will depend on the 
sign of 



Example. — Draw the graph of the equation y = 3. 

x\.2\ -1 [0 I 1 I 2JJ 
2/ 1 ' 3 I 3 [ 3 I 'S I 3 I 3 

It is a straight line parallel to XX' and at a di.stance of 3 units 
from it. The lino y= - 3 would he on the under side of XX', and 
at the same distance from it as y = 3. (Diagram 4.) 

(iii.) In a similar manner it can be shown that lx+n = 0 
is the equation to a straight hne parallel to the i/-axis. 

The equations y~0 and x=0 are evidently those of the 
X and y axes respectively. 
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Example. — A length OB of 5 units is taken on the y-axis. A 
variable point P moves so that the area of A OPB is always 10 sg. 
units. Find the locus of P. ^ 

Since the base of the triangle OPB is 6 units and the area 10 
sq. units, the height is therefore 4 units. Hence P mores at a 
distance of 4 units from the ^-axis. It can He on either side of that 
line. Its locus is one or other of the straight lines parallel to YY' 
whose equations are 

a: = 4 and a:- -4. (Diagram 5.) 


V. Equation to a straight line in “ Intercept Form.” 

We are going to establish the equation to a straight line in 
a form which will show us imme- 
diately where the line crosses the 
axes. In this shape it is often 
of great convenience. 

Let the straight line cut XX' 
at A and YY' at B, and let 
OA = a and 0B = b. 

OA and OB are called the in- 
tercepts of the line on the axes. 

The line crosses the axes at the points [a, o) and (o, h). 

Take P = {x, y) any point on the line, and draw PN 
perpendicular to XX'. 

Then by similar triangles OAB and NAP we have 
NP_NA 
OB " OA 

OA-ON 
' OA ’ 



y _a-x 
' ' b a 


= 1 - 


X 

a’ 


. ^,y 

"a^b 


= 1 . 


Note that the right-hand member of this equation is -t-1, 
and that the reciprocals of the coefficients of x and y are the 
intercepts made on the respective axes. 
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Example 1 . — WhaJl me the. intercepts made on the axes by the graph 

0 / 1+1 = 11 
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Diagram 6. 


On comparing this equation \nth the standard one we see that 
a=4 and 6 = 6. 

The line makes positive intercepts of 4 units on the x-axis and 
6 units on the y-axia. 
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Example 2. — What intercepts does the graph 0/ s - r = ^ tnake on 
the axes ? ^ 

In this case a = 2 and 6 = - 5. 

Hence the line makes a positive intercept of 2 units on the K-axis, 
and a negative one of 5 units on the ^-axis. In other words it crosses 
the axes at the points (2, 0) and (0, - 5). (See Diagram 6.) 

This can easily be verified from first principles. For at the 
point where the graph crosses XX' wc have g () The equation 
gives the corresponding value of a; as 2. Again at the point of inter- 
section with the {/-axis we have * = 0. The value of y corresponding 
is - 5. 


Example 3. — Throw the equation 2x-Ay~Z into intercept form 
and so find u'here its graph crosses the axes. 

Divide by 3 in order that the right-hand member of the equation 
may be -fl, 

-^x — t^y = 1 , 

X V 

3/2 “ 3/4 

Thus we see that a - J and 6 - - 

The graph crosses the axes at the points (J, 0) and (0, - l). 

As before we could obtain these results from first principles, since 
the original equation shows us that y=0 when x ^ and x = 0 when 
t/=- -T- 

X I 1-0 I 0 I 

rro I “-■•75 r 


Example 4. — Lengths OA and OB are marked off along OX and 
OY such that OA = OB = \. The square 
OACB is completed. Through C any 
line is drawn cutting X'X at P and 


Y'Y at Q. 


Prove that = 


1 . 


Let the straight lino PQ make inter- 
cepts of p and q units on the x and y 
axes respectively. Then its equation 
wdl be 

p q 

But C=(l, 1) is a point on the line. 

• — -b — - = 1 
OP^OQ • 
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VI. Determination of equations to straight lines from given 
data. 

In Article II. of this chapter we stated that the general 
equation of the first degree in x and y was 
ix + m«/ + w = 0, 

where I, m, and n were assigned numbers such as 3, - 2, - 5. 

At first sight it would seem that there were three con- 
stants, I, m, and n, to be determined before we could have the 
equation to a particular line. This is not so, however, as we 
can divide both sides by any one of them, say n, obtaining 
the form 

^ x+’?y+l=0. 
n n 

We now see that there are only two constants to be deter- 
mined, namely, the ratios ^ and 

ft ft 

Let ^ = a and = /J. 

n n 

The equation then is 

ax + (iy + 1=0, 

which clearly shows only two constants. 

Compare this with the number of constants in the intercept 

form +? = 1- 
a 0 

Corollary. — A straight line can he made to satisfy two 
independent conditions, since its equation contains two 
independent constants. 

The following examples illustrate this. 

Example 1. — Find the equation to the straight line which passes 
through the points (1, 2) and (3, - 2). 

Suppose its equation is 

ax+/3y+l=0. 

Since (1, 2) is a point on the line 

.-. a-[-2/S+l=0. 

Since (3, - 2) is a point on the line 

.-. 3o-2j3+l = 0. 
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On solving these equations we have a = - J and /3 = - 
The required equation is 

-^x-\y+l = (i. . . . (1), ' 

or 2*+^- 4=0 .... (2). 

In number (1) of these two forms we see the equation appearing 
with fractional coefficients as in 

while number (2) shows us the equation cleared of fractions, as in 
te+Jrey+»i=0. 

Example 2. — Find iJie equation to a straight line which makes a 
negative intercept of 4 units on the x-axis and passes through the 
point (2, 4'6). 

Let the required equation be 

XU, 

+ , = 1 . 

a 0 

Then a = - 4, making the equation 
4^1. 


But the point (2, 4 o) lies on the line, 


The equation is therefore 


• -V-=l 

•• 4^ b ’ 

whence 6 = 3. 


or 3x-4i/+12 = 0. 

Example 3. — Find the equation of the straight line joining the 
origin to the point (Xj, yf. 

Let the required equation bo y 

lx+my+n = 0. 

Since the line passes through the origin, p^' 

.•.n = 0, 

Ix+my = 0 or lx~ -my . (1). ^ ^ 

But (xj, yj) is a point on this line, 

.•,lxi=-myi . . (2). 

Hence by (1) and (2) 

lx _ - my 
lXi~ -my^ 
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This is the required equation and it should be noted carefully 
and remembered. 

By putting a: = a^ and y=yi it is easy to verify mentally that it 
is correct. 

VII. The foint of intersection of two straight lines. 

Let the equations to the straight lines be 

x-1y=-l, 
and x~Zy= -3. 
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Diagbam 7 . 


Draw their graphs. We find that they cross at the point 

(2, 3). 

We see at once that the values x = 2 and y = 3 must appear 
in the graph chart belonging to each equation. In other 
words, the values x = 2 and y = S must satisfy both equations. 
They are the solutions of the two equations. 

The algebraic process of solving these two simple simul- 
taneous equations in x and y is assumed to be familiar to every 
reader. 

Oeneralising, we state that the co-ordinates of the point of 
intersection of two straight lines are the values of x and y which 
satisfy hath their equations. 
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Example. — Wher^ do the, atraig/U lines whose eqvations art 
l3x + 15t/ = 26 and l3x+25t/ = 52 intersect ? 

Solution of their equations shows that the straight lines intersect 
at the point ( - 1, 2-6). 

This result is verified graphically in Diagram 8, where the graphs 
are shown. 



Vlir. MISCELLANEOUS EXAMPLES 

Example 1. — Find from first principles where the straight line 
Ix-i-my fn-<i crosses the axes and verify the results by throwing the 
equation into intercept form. 

(i.) Where the graph crosses X'X we have j/ = 0. 

The value of x corresponding is obtained from the equation. 

lx-f-n-0. 



The graph crosses the a:-axis at the point 



Similarly it crosses Y'Y at a point where x = 0. 
Then from the equation^we have 


my fin =0, 
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The point of intersection with the y-axis is therefore ^0, ~ — j- 

(ii.) To obtain these results by throwing the equation into 
intercept form we first write the equation thus — 

te+my= - n. 


We next divide both sides by - » so that the right-hand meml>er 
may be -f-l. 

I m , 


X y 

or ' =1. 

-njl -njm 

Thus we see that the intercepts on the x and y axes are respect- 
ively - ^ and - — , or, in other words, that the straight line crosses 

the axes at the points ^ 0^ and ^0, - as found by method (i.). 

Example 2. — I'wo lines XX' and YY' are at right angles to one 
another. A point P moves so that its distance from tlie former is three 
times its distance from the latter. Find its 
locus. 

Take JCA' as axis of x and YY' as axis 
of y. 

Let P:b (x, y) be any position of the 
variable point. 

Draw PN perpendicular to XX' and 
PMia YY' 

By hypothesis = 
y = 3a;. 

The locus of P is the graph of this 
equation, and is therefore a straight line passing through O. 

Example 3. — A variable straight line 
cuts the axes at P and Q so that OP+OQ 
is constant. Find the locus of its mid- 
point. 

Let JJ = (a:, y) be the mid-point of any 
line PQ of the system. 

Then * = JOP, and y = JOQ, 

0P = 2x and 0Q=2y. 

But OP +OQ=c (a, constant), 

2a:-f 2y=c. 

The locus ol R is therefore the straight line which is the graph 
of this equation. 
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ExAMriiB 4. — A straight line cuts the axes at A and B so that 
OA=2 units and OB = 5 units. If P is any point on A B find the 
locus of Q the mid-point of OP. 

Lot P={x^, y-i), and Q = yf). 

Then since Q is the mid-point of OP, 

^1 1 Vt 

.-. = and y„-- 


.-. a;, = 2^2 and 


By Article V. the equation to A B is 


* , 2/ 
2'^5" 


1 . 


Since P=(a:i, yf) is a point on the line, 

••2^5 ’ 

. 2^2 2-/2 
• • 2 5 ’ 

Sxj 4-2y2-5. 

Hence the locus of yft is the 

graph of the equation 

5a:-|-2y -5. 



It is a straight line cutting the axes at the points (1, 0) and (0, tf). 
Its interceiita are half those of AB. 


Example 5. — OAOB is a rectangle. If E is the mid-point of BO 
find the equation to A E, taking OA and OB as axes of x and y respect- 
ively. Thence find where A E crosses the y-axis. 

Let OA =a and OB = h. 



Then G={a, b), so that b'^- 

If AE cuts OY at Q, then the equation 
to AE is 


a q 


where q = OQ. 

But E=^, b^ is a point on the line, 


a b 
’ ’ 2o q~ 


1 , 


T*’ 

. ?=26, 


a result, of course, easily obtained by ordinary geometry. 
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Hence the equation to AE is 

*+^=1 

a^2b 

The line crosses the y-axis at the point (0, 26). 

Example 6. — In last example find where OC and AE intersect. 
Since G={a, b) the equation to OG is 

^ = f (Art. VI. Ex. 3). 
a b 

We have now to solve the equations 

1 . . . 


* , _?/ . 
a '26 


. x: y 
and ~ , 
a b 

Substituting from (2) in (1) for y, we have 

r X 

I o -1. 

a. 2n 


( 1 ). 

(2). 


3r 

2a" 


2a 


■ X — -, 


;r 


Hence from (2) 

Thus AE cuts OC at a point of trisection. 


26 

3- 


Example 7 . — A straight line is drawn through the point (5, 2) and 
cuts the axes at P and Q. If R is the remaining vertex of the rectangle 
of which OP and OQ are sides, find the equation to its locvs. 

Let Rs^{x', y'). 

Then OP~x' and 0Q = y'. 

The equation to PQ is therefore 



*+?- = l. 

Now (5, 2) is a point on this line, 

• = l 

X y 

2x’ +5y' = x'y'. 

The locus oi R= (x', y') is the graph of 
the equation xy=2x+5y. 

The graph of the equation can be drawn by plotting a number 
of points as in the following diagram. 
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Notice that the curve draws nearer and nearer to the lines y=2 
and x = 5, though it never actually reaches them. 



The graph table shows how rapid is the increase of r as y 
approaches 2, and of y as r approaches 5. 

'^•l-^l-sol-nori-rsl -n -a|-5|-4|-S|-2i-llO| Z| 2 |S|4| 45| 48| 49( 
Hi 18| 191 1*1 121117|1091 1 1 89| 75| 671 aslOj- 5| - 1 SS] -S| - 81 -181 ~'4^i~y8l 
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Example 8. — A length AB of 4 unite is taken on OX, and a length 
CD of 2 units on OY. A mriable point P moves so that the sum of 

triangles PAB and PCD is constant. 

Y Find the locus of P. 

Pfxj,) YetP^(x,y). 

r, Then 2iiPCD = CD '<x = 2x, and 

" / \ 2\PAB = ABxy = .iy. 

/ \ Now aPCD \-tiPAB = c (a oon- 

/ \ stant), 

0 A B X .•.2x+4y-2{APCD + APAD} 

-2c, 

x+2]/ = c. 

The locus of P is the straight 
line which is the graph of this 
equation. 

Example 9. — GAB is a triangle 
such that A^(4, 0) and B^(0, 2). 

Prove that Us medians are concurrent. 

Let P he the mid-point of OA, Q 
the mid- point of AB, and It the 
mid -point of OB. 


Then P- (2, 0), Q^- 

(2, 1), and R=(0, 1). 


Equation to PB is 

'2/2, 

• U) 

Equation to AR is 

4+2 ^ • 

. (2). 

Equation to OQ is 


X 

2 

= j (see Art. VI. Ex. 3) . 

■ (3). 


If equations (1) and (2) be solved it will be found that BP meets 
AS at the point {\, i). 

4 2 

By equation (3) this point lies on OQ if which is true. 

D 6 

Hence the throe lines all pass through 
the point (J, H). 

Example 10. — A man is passing doum 
a straight street at night. Show that the end 
of his shadoiv as cast by a lamp follows a 
path parallel to the street. 

Take the line of the street through O, 
the foot of the lamp-post OL, as axis of y, 
and the cross line through the same spot as 
axis of X. Let MP represent the man at 
some moment. Then Q will be the end 
of his shadow. Let KQ be his path. 
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Let OL=h, PM~a, and Q={x, y). 

Draw QN perpendicular to OX. 

Then by similar triangles we have 

OL OQ O^ 

PM^PQ' KN’ 

b _ X 
‘'‘a~'x~OK' 

bx-b ■ OK = ax, 

... . b-OK 

which gives *= , — » 

b-a 

= constant. 

Now the graph of this equation is a straight line parallel to 07 
(Art. V. Cor. 2). It is the locus of Q. 

The end of the shadow therefore follows a path parallel to the 
street. 


r6sum^ 

1. The graph of the equation lx + my + n = 0 is a straight 
line parallel to LM, where L^{o, 1) and M = {m, o). 

2. The graph of the equation Ix + my^O is a straight line 
passing through 0. 

3. The graphs of the equations lx + n — 0 and »?y + n = 0 
are straight lines parallel to 77' and XX' respectively. 

4. The equation to a straight line in intei cept form is 

%^ 1 . 

a b 

5. To find whore two straight lines intersect, solve their 
equations. 


EXAMPLES 


1. Draw the graph of the equation 2x-5y — 4. 

2. In the equation 3a;+4y=12 find the value of x when y = 0 
and the value of y when a;-d. 

What points therefore lie on the graph T 
Hence draw the line. 


3. Write down the equations of the lines which cross the axes at 
the following points : 

<• (5, 0) and (0, 3) ; { - 4, 0) and (0, 2) ; ( - 6, 0) and (0, - 9) ; 
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4. By finding where they cross the axes draw the straight lines 
which are the graphs of the following equations : 


2^3 ’ 2^3 ' 


2 3*23 


If the points of intersection with the axes are A, B, A', and B', 
what is the area of the rhombus ABA'B' ? 

6. Throw the following equations into intercept form : 

4a:I-2y = 9; 5a:-6y + 3 = 0; 2j:-3y+5; y = 2x-4. 

6. Find A and B, the points where the straight line 12 j:+ 6^ = 60 
crosses the axes. 

What is the length of ? 

What is the area of A OAB ? 

Deduce the distance of O from AB correct 1o two decimal places. 

7. Make the construction of Article 111. for the equation 

2j: + 5j/= 16. 

What is the area of the quadrilateral OMPL t 
What is the area of A OML 1 

Deduce the height of A BML correct to the firct place of decimals. 

8. Make the construction of Ai't. III. for the equation 3x-t 4i/ — 20. 
Find the height of A PML and so drjiw the graph of the equation. 
By finding from its equation two points on the graph, show that 

you have drawn the true .straight line. 

9. In the case of the equation 3.c+4.y- 4 show that the area of 
triangle OML is greater than that of the quadrilateral OMPL. 
Draw the graph in this case and compare it with that of the previous 
example. 

10. How must OM be drawn for the equation 2x - 3y- 8 ? 

11. Find in the ordinary way the j)oints A and B where the 
straight line 4 j: - 5y + 32 — 0 crosses the axes. 

Plot them and also the points M and L obtained as in Article III 

Prove that ~ oB’ demonstrating that the lines 

AB and LM arc parallel. 

12. A straight line cuts the axes at A and B. 

Take aqy point P={x, y) lying on it. 

If A = ((7, o) and B={o, b), use the fact that 
A OPB + AOPA = A OAB 

to obtain the equation to A B in the form ^+g = l. 

13. A point moves so that its distance from the a;-axis is one-third 
of its distance from the y-axis. 

Find and draw its locus. 

14. A variable point moves so that the sum of its distances from 
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two fixed straight lines at right angles to one another is always 
6 units. Find its locus. 

16. Perpendiculars PN and PM are drawn from a variable point - 
P to the axes. If the length of the rectangle ONPM exceeds the 
breadth by 2 units, find and draw the locus of P. 

16. The periipeter of a rectangle is 18 units. If two of its ad- 
jacent sides are fixed in position find the locus of 1 lir \ ertex opposite 
their intersection and draw it. 

17. The straight line 2a:-b5y=10 cuts the axes at A and B, 
Find the co-ordinates of 6' the mid-jxiint of AB. Find also the 
length of OC and its equation. 

18. A straight fine cuts the axes at A and B so that OA—a and 
OB-h. Find the co-ordinates of (' the mid point of AB. Find 
also the equation and length of Of. 

19. From a variable point P perpendiculars PN and PM are 
drawn to XX' and YY' respectively, so that the area of the rectangle 
ONPM is always 20 sq. units. If P^(jci, yi) write down 

(i.) the co-ordinates of N, 

(ii.) the co-ordinates of M, 

(iii.) the co-ordinates of Q the mid-point of MN. 

Find the equation to the locus of Q and draw its graph. 

20. Find the equation to the lines joining the points (3, 1) and 
(8, 4) ; ( - 2, 3) and (4, - 5) ; (0, 6) and ( - 3, - 2) ; (0, 0) and ( - 3, 2-5). 

21. Perpendiculars PN and PM are drawn from the point (6, 4) 
to XX' and F Y' respectively. N is joined to L the mid-point of 
PM. Find the equation to NL. Find also where NL cuts OY. 

22. Lengths OA and OB are taken on the axes of x and y respect- 
ively. The rectangle OACB is coinjileted. If OA=o and OB-b, 
find the equation to the line joimng B to D the mid-point of AC. 
Find also where this hue crosses OX. 

(Use intercept form.) 

23. In last example if BD cuts OX at E, find the equation to EC. 

24. Find the intersection of the lines 

(i.) 3x - 5y-F 1-0 and ix - 3y = 6, 

(ii.) 3x - 4y — 22 and a: - 2y-i-6 "0, 

(lii.) 5x-f-4y 1-35 = 0 and 7x - 6y+20 -0. 

Verify the first result graphically. 

25. Find the equation to the line joining the origin to the point 
of intersection of the lines 2x-3y~13 and 4x-f9y=ll. 

26. A buttress roaches a height of 25 ft. on a vertical wall, and 
has a ground length of 10 ft. How far from the wall will a man 
§ ft. high just emerge from beliind the buttress ? 

27. A straight line is drawn parallel to the x-axis at a distance of 
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6 units above it. If P is any point on this line, find the locus of the 
mid-point of OP and draw it. 

28. A straight line is drawn cutting the axes at N and M. If 
ON 

= constant, find the locus of the mid-point of MN. 

29. A and B are two fixed points 4 units apart. P is a variable 
point such that PA^ - PP^ = 16. Rnd and draw the locus of P. 

30. As (a, o) and B={o, b). A variable point P moves so that 
PA = PB. Prove that the locus of P is a straight line. 

31. The diagonal of a rectangle, two of whose sides are along 
OX and OT, cuts the axes at P and Q, and always passes through 
the Sxed point (5, 3). 

Prove that 60(3 -|- 30P ^ OP ■ OQ, 

(i.) by taking the equation to PQ in intercept form, 

(li.) geometrically, by the help of areas. 

32. Two boys are playing on two adjacent walks round a rect- 
angular garden lawn, in such a way that they always keep between 
them an upright pole stuck in the ground. If the pole is c feet 
distant from each walk, find the relation wliich connects the distances 
of the boys from the comer of the lawn. 


33. On a given straight lino any point P is taken. A per- 
pendicular PN is drawn to XX'. Prove tliat the locus of its mid- 
point is a straight line. 


34. Points A and B are taken on the axes so that A = (a, o) and 
B=:{o, 6). The rectangle OAOB is 
complei^'d. A point Q is taken on 
the diagonal OC. (See figure.) 

(i.) Write down the equation to 
OC. 

(ii.) If y') express QR and 

Q8 in terms of the co-ordin- 
ates ol A, B, and Q. 

(iii.) Hence prove BPQS = TARQ. 

35. The point P={h, 1) is joined 
to the origin .and to A = (a, o). 

Find the co-ordinates of Q and R 
the mid-points of OP and AP respectively. Use the results to prove 

OA 

QR parallel to XX' and equal to • 



36. Two jKjles of height 4 ft. and 20 ft. respectively are set in the 
ground. Their ends are joined crosswise by strings. If one of the 
jrales be moved about, prove that the intersection of the strings 
lies on a horizontal plane. 

37. A man is walking along a straight road on a sunny day. 
Prove that the end of his shadow pursues a path parallel to the road. 
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38. A moil is psssing down el stmight street by night. Prove 
that the end of his shadow, as cast by a certain lamp, describes a 
straight line parallel to his path. 

39. A and £ are two fixed points on XX', O and 1) two fixed 
points on YF'. P moves so that APCD+li.PAB is constant. 
Prove that the locus of P is a straight line. 

40. In last example find the locus of P if — is constant. 

A PAP 

41. The base AP of a triangle PAP is fixed, and its area is constant. 
Show that the locus of its median centre is a straight line. 

42. OACB is a square. A point P is taken on AB. Prove 
analytically that PM+PN is constant where PM is iierpendicular 
to OB and PN to OA. 


43. A straight lino cuts the axes at A and B. Any point P is 
taken on it. Show that the locus of Q, the mid -point of OP, is a 
straight line parallel to AB. 

44. Provo analytically that the diagonals of a rectangle bisect 
each other, taking two adjacent sides as axes. 

4.5. Points A = (l, 0), £^(0, 4), and //=(2, 3) are taken. 

(i.) Find where AH and BH cut the axes .again at P and Q. 

(Hint : Use intercept form.) 

(ii.) Write down the equation to PQ. 

46. From a point U=(a, 6) ])erpendiculars VA and CB are drawn 
to the axes of x and y respectively. D is the mid-point of OA and 
E of BO. 


(i.) Find the equations of BD .and AE respectively. 

(ii.) Show that HI) and AB cut 00 at points of trisection. 

47. A straight line swing-s about the point (.3, 3), and cuts the 


axes at P and Q. 


Provo that 


OP^OQ 


1 

3’ 


Find the equation to 


PQ when A OPQ = 24 sq. units. 

48. A square ABCD is set with the corners A and B on OX and 
OF respectively, so that OA —a and OB~h. If CD is turned away 
from 0, find where 00 and OD cut AB. 


49. A straight line cuts the axes at A and B and is intersected 
by the bisector of XOF at the point C. Find the lengths of AC 


and BO, and so prove that 


AC OA 
CB~OB' 


50. Squares are set with one comer on OX and one on OF. Find 
the locus of their centres. 


61. A straight line cuts the axes at A and B. A point P is found 
' within AOAB such that A POA = A POP = A PAP. What are 
the co-ordinates of P ? 
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fi2. A straight line cuts the axes at A and B. 

If A PAB = J A OAB, prove that the locus of P is a straight line. 

53. A = (a, o), B=(o, b), A'={hi, o) and B'={o, 1A>). 

Find where AB' and A'B intersect. 

If this point is joined to the origin prove that the join cuts AB 
at its mid-point. (Hint : Show that the co-ordinates of the mid- 
point satisfy the equation of the join.) 

54. The ratio of the intercepts (a : b) which a straight line makes 
on the axes is 5 : 4. If it also passes through the intersection of the 
lines 2x+3^ = 5 and 3x-4y = 3ii, find its equation. 

55. A and B are the points (1,0) and (0, 1). The square of which 
OA and OB are sides is completed. Find the equation to the line 
which passes through the intersection of the diagonals and the 
point (3, 0). 

56. From a variable point P perpendiculars PN and PM are 
drawn to the axes. The diagonal MN of the rectangle so formed 
always passes through the point (2, 1). Find the locus of P, and 
draw a part of it. 

57. CAB is a triangle right-angled at C. P is a variable point 
in its plane, such that A C'AP=A CBP in area. 

Prove that the locus*of P is the median through C of A CAB. 

Interpret the equation lx f my = o in the light of this result. 

58. Make use of the fact that if a triangle he on a fixed base and 
has a constant area the locus of its vertex is a straight line, to prove 
t.hat 

(i.)' the graph of lx+n = 0 is a parallel to YY', and 

(ii.) the graph of my f 7i = 0 is a parallel to XX'. 



CHAPTER III 


ANGLE BETWEEN TWO LINES : PARALLEL AND PEEPENDIOULAK 
LINES ; GRADIENTS ; THE EQUATION y = mX + b 


1. Find the tangent of the angle between the two lines whose 
equations are l^x + m^y + Rj = 0 and 1^ + m^y + n.^ ~ 0. 

Let 6 be the angle between the 
lines. 

On OX mark off OM^ = and 

OMj = Wj. 

On OY mark off and 

OIj^ — 1<^, 

Thou by Chaytor 11. Article 111. 
we know that the line 

lyx + m^y + n] =0 
is parallel to L^M^, and that the line ’= 0 is 

parallel to 

Hence the angle MyPM^ between the lines and 

LJU, will be d. , . , ^ , 

* * tan d = tan (OMiL^-OM^L^) 

_ tan OMjLj - tan OM^L^ 

°° iTtanli^A/jLj tan OM^L^ 

h _ ^2 
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If the lines are parallel, ^=0 since they are not inclined. 
Now tan 0=0, 




= 0 . 


. . ~~ 0 , 
L »io' 


which gives 

Corollary 2 . — The lines are perpendicular if If^ + m-pn^^O. 

If the lines are at right angles, then 6 = 90°. 

But tan 90° = oo . 

ItTft^ l^riry 
*•11 ~~ * 

ZjZ2 + »ai»«2 = 0. 

Remarks— (i.) The reader will more readily apprehend the 
idea of an infinite ratio if he remembers that when a large 
number is divided by a very small one then the quotient is 
big. For example, if we divide 23 by •000001, the result is 
23,000,000. He will then easily appreciate why the divisor, 
or denominator, in Corollary 2 must be infinitely small to give 
an infinitely large quotient. 

(ii.) The following scheme is helpful in remembering the 
results of this article. Place the coefficients of x and y in one 
equation above those of the same variables in the other equa- 
tion thus: li^ Then we notice that tan 9 is the 

\”*a! 

difference of the cross products over the sum of the vertical 
ones. Corollary 1 expresses the equality of the ratios of the 
vertical letters. Corollary 2 states that the sum of the vertical 
products is zero. 

Example 1 . — Find the angle belioeen the lines 2x-5y=\ and 
6a:-4y=3. 

w.h.» 

^ -304-8 
124-20 
= - -6876 
e = 145° 30'. 

The acute angle between the lines is 34° 30'. 



AKT. U 


PAEALLELISM 


47 


BXASPI/B 2. — Prcnie thcU the lines 2a:4-5j/ = 6 and 6a:+15j/ + 7=0 
axeparaUel. 2 1 , m, 6 1 


k 6 


- 5 and — 
3 tn. 


I, 

k' 


15”3 


3 = 0 


Hence by Corollary 1 the lines are parallel. 

Example 3. — Prove tluit the lines 2x-5y = 2 and lOx + ^y- 
are perpendicular. 

kk + WiJiia = (2xl0)+(-5x4) = 0. 

The linos are therefore perpendicular by Corollary 2. 

Example 4. — Two straight lines at right angles to one another are 
drawn, cutting the axes at A, B and 
A', B' respectively. Prove that the 
rectangles OA-OA' and OB OB are 
equal. 

If OA = a,OB.^b, 

OA'-~ a' and OB' -h’, 
then the equation to Ail is 

a 0 

and that of A'B' is 


a 0 



Since these two linos are i)ori>oudieular. 


bb' Aaa' = 0 
hb'- — aa' 

.-. OB OB' ^ OA-OA', 

the sign being immaterial as regards the areas of the rectangles. 

II. Two straight lines are 
parallel, whose equations differ 
only in the absolute terms. 

This is so important that 
we are giving the proof here, 
though it has already been 
given in Chapter II., and can 
be deduced from Corollary 1 
of last article. 

1 Let the equations to the lines be lxAmy + n=(3 and 

IxAmy + n' =-0. 
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On OX take M, and on OY take L, so that OM = w and 
OL=l. 

Then we know from Chapter II. that the graphs of the 
given equations are straight lines parallel to LM. 

They are therefore parallel to each other 

Example. — Find the. equation to a straight line passing through the 
point (3, - 2) and parallel to 5a;+4// - 2 = 0. 

The required equation will differ from 53‘-t-4j/ - 2 --0 only in the 
absolute term. 

It will therefore have the form 5x + iy-\-n — 0. 

Now the point (3, - 2) is on it, 

.-. 15-8 + »=0. .-. «--7. 

Hence the equation is 

5j;+4y -7 = 0. 

III. Two straight lines are perpendicular in whose equations 
Y the eoefficients of x and y 

are interiharged and the 
\P/ sign of one coefficient re- 

^h\ reised. 

\ This is an immediate 

Q y deduction from Corollary 2 

\. of Article I., but i.s so im- 

portant that we shall give 
an independent proof. 

Let the equations to the lines be 

Ix + niy + n=0 and mx -ly +n' = 0. 

In the figure OM = OM' = m, OL = I and OL' = -1. 

Then we know that Ix + my + n =0 is parallel to LM, and 
mx-ly + n’—O is parallel to L’M'. Hence we have only to 
show that LM is perpendicular to L'M' to prove our theorem. 
Plainly triangles OL'M' and OLM are congruent, 

.-. 0L'M' = 0tM. 

But 0M'L' = PM'L. 

Hence A s OL'M' and PM'L are equiangular, 

.■.LPM' = L’dM'=90°. 

The lines are therefore perpendicular. 
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Example 1. — Find the equation to a straight line throiigh the point 
(3, 1) perpendiculm- to 3a:-4j/+2 = 0. 

The form of Iho required equation will be 42:+3,y+n = 0, for the 
coefficients of x and y in this equation are those of y and z in the 
given one, with the sign of the coefficient of y reversed. 

Now (3, 1) is a point on 4a:+3^+» = 0, 

.-. 12 + 3+n = 0, 

.-. n= -15. 

Hence the equation wo seek is 4a:+3^- 15 = 0. 

Example 2. — Apply Corollary 2 Article /. to prove that the lines 
.Sa;-4^H-2 = 0 and 4tz+‘6y- 15 = 0 are perpendicular. 

Ijl^+mi7n.^ = {:i X 4)4 ( - 4 X 3) 

= 12-12 

= 0 . 

The lines are therefore perpendicular. 

IV. Every reader will be familiar with the expression " A 
gradient of 1 in lOO.” This means that if an engine is moving 
up an incline, then for every 100 yards it proceeds, its distance 




above the level will increase by 1 yard. The use of the term 
gradient is slightly different in analytical geometry. 

Imagine a point N to start from the negative end of the 
x-axis and to proceed towards the positive end, while the 
head of an ordinate NP travels along a straight line 1. Then 
the distance of P from the line XX' will increase (Fig. 1) or 
decrease (Fig, 2) by a fixed amount for every unit of distance 
traversed by N, as we shall hereafter prove. The ratio of the 
rise or fall of P to the corresponding distance travelled by N 
is called the gradient of the line. Such a line as in Fig. I 
where P is rising is called an ascending line, while one like that 
of Pig. 2, where P is falling, is called a descending line. 
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V. The gradient of a given straight line is constant for that 
line. 

Let a straight line cut the axes at A and B. 




Let the point P proceed from P to Q, while N travels from 
Nto M. 

Draw PL parallel to XX'. 

Then by definition the gradient of is the ratio ^ . which 

LQ 

18 equal to p£. 

Now triangles PLQ and AOB are evidently similar, 
gradient = ^ 

I Ij 

OB 

AO 

= constant. 

We note that in a descending line LQ is turned downwards. 
Hence the gradient of a descending line is negative. 


Corollary 1 . — The gradient of a hue is measured by the ratio 
of the difference of the ordinates to the difference of the abscissae 
of any two points on it. 

We have the gradient = 

itL/ 

_MQ-NP 

~OM-ON 

difference of the ordinates 
difference of the abscissae' 

This also shows that the gradient of a descending line is 
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negative for then MQ is less than NP, so that MQ-NP is 
negative. The construction being such that OM - ON is^ 
always positive it follows that the gradient of a descending line 
is negative. 


ratio 


Corollary 2 . — The gradient of the line joining the jioiwts 
(•* 1 ! !h) expression gives the 

difference of ordinates 
difference of abscissae' ^ 

If the line passes through the origin, then ij = i/j = 0, and 

the gradient will be 

Corollary 3 . — If a line is parallel 
to the x-axis its gradient is reio. 

Let P and Q be two points on the 
line. 

Then since PQ is parallel to XX’, 
therefore NP = MQ. 

Hence 


Y 

1 

( 

’ Q 

1 

1 

1 




^ 

1 

N rt A 


!h~ '/o 

.'. gradient = '^' -*= ^ =0. 

X 2 — *2 - x^ 


r 



m' 

1 

Q 

N 


p 

0 


X 


We have here the idea of an absolutely 
level road. 

Corollary 4 . — If a line is parallel to the 
y-axis its gradient is infinite. 

In this case Xj = Xi for NP = MQ, 


gradient = = = CO . 

*^2 *^1 


0 


We have now the impression of great steepness, of “ sheer 
descent ” as from a clifE. 


1 . — What is the gradient of the line joining the points 
9) and (2, 6) ? 


le 


Gradient = 


y2-yi_9-6 3 
aj - 1, 7-2 5 



gradients 


CEU?. Ill 


Example 2. — Show by a diagrafn that the lino joining the poiiUs 
( _ 2, 1'7) and ( - '5, 1) is a descending one, and edkvlate its gradient. 
(i!) In Diagram 1 we notice that LQ is drawn downwards, so 

that the gradient ^ is negative as happens in a desoendingjline. 

„ 1-7-1 7 

(ii.) Gradient = - 2+-.5= “ fs 




•IslijSj^Sggjijjlljg^^ 
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■■■■■■■■SiS88SS8S8iSSSSSSS8SaSHHBiaB>i^«a"aM”*5*5S 
i!!!SSS8S888S8&SS8&8fl88888888SBaa8SaBBBiBaah?*a«*"«»"*S5! 






3 

Example 3 . — Draw an ascending straigh t line of gradient passing 
through the point (2, 2). * 

Let P= (2, 2). In this example LQ is drawn upwards. (Diagram 2.) 

To draw the line we count 2 units from P to i going from loft to 
right, and then 3 units upwards to Q. Join PQ. 

3 

Example 4. — Draw a line of gradient - g through the point 

('1, -2). ^ 

The gradient being negative, the line is a descending one, so that 
LQ must be drawn downwards. (Diagram 3.) 

Let i“s(-l, -2). 

From P count 5 units to L going from left to right and then 3 units 
downwards to Q. Join PQ. 


Example 6. — Calculate the gradient of the line joining the origin 



ART. V 


GEADIENT8 


53 


■■■•■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■a 
■■■■•■■■■■■■■■■■■■■a aaBBBBBBBiaB«BBaaBaB 
aBBBBBaBBBBBBBBBBaBaBaBBBBaBBBBBBBBBBBBB 
BBBBBaaBaBBaBaaBaaaa aaBBBBBBBBBBBBBBaaBB 
aBBBBBBBBBBBBBBBBBBB BBaBaBaBBBBBBBBBaaiB 
BBBaaBBBBaBBBaflaaaBaBBBaBBBBBBBBBBBBaBB'J 
BBBBBBBBBBBBBBiaBBBBf.iaBBBBBBBBBfBiBBBr^B 
aBaBBaBBBaBaBBBaaaBaBiiaBaBBBBBaBBBBBBr.aB 
BBaBaaBBBBaaBBBaBBaaaBBBaBBBBBBBaBBarBBa 
aflBBBBBBaaBBBBBaaflfla BBBaBBBiaBBBBaBaBBBB 
BBBBBBaBBBBBaaaBBBBBBaBaBBBaBaaaBiBMlBB 
BBaBBBBBBBBaaBaaaBBBBBaaBBBaaBBBiir.iilBB 
BBBBaBBBBaaBBaaBflflaaBaaBBaaBaBBBaBBliiia 
aaBaBaaaBBBBBBBBaaBBBBBBBBaBBaB'irBaaBBBi 
aBflBaaaaaaaaaaaaBaBaaBaaaBaaBBBB-:iBBaaaaa 

BBBBBBBBBBBr BBBliBia 

f aBaSaBBra?* nSaaBlal 

aBaBBaBBBaBaaaBBBaBaaaBBBBBBB'*jBBLaBaB|ii 

BBBBBaBBBaaiaBBBaBaaaBBBBBaBr^aBBBBaBBaii 

BaaaBBaBBBaaBBBBaaBaBBBaBBBraBBBBBBiiiBi 

BBBBBBaBBaBBflBaBBBBa BBaBBB''iBBBBBBaBBBaaU 

SBBBBBBBaflBBBSSBBBBBSBflBflraBaaBiaBBBaBagS 

aBBaBBBaaaBaBaBBBBBBBaBaJBBBBBiBBBBaBBii 

aBaaaBBaBBBBaaBBBBBBBBa'JaBBBBBBBBBBBBBBB 

BaBBBBBBBBaaBBBBaaBB BBr«BBBBBBBBBBBBBBBBB 

flBBBaBaaBBeBBBBBBar.:iBR.aBBBBBBBCBBBBBBKrB 

BaBBBBaBBBL 2 BBBBBBfc'‘iraBBBBBBBBrBBBBBBB«'B 

j;s;;g88:::s;:i;::gs8g::sg 

jflBaaa BaaaBBaaBBBBaBBBBagB 

BBBBBaBBBflBBaBBBaSaaf^ilBBBBBBBBBBBBBBaBBS 

iBaBiBBaaBflBBaaaBaBaBBSaBBBBBBBBBBBaBal 

iiaBiaaaaaaBBaBaaBBB aaaaaaaaBaBBaaaaaaaB 

ii^SBSBBBSBBBSB&SBKSBSBSBBBSSSSBSBSSBBI 

IBaBBBBBBBI 

BBB 

rEVissssssssB:^^^^ 


Diagkam 2 . 



■■■ ■■■■■■■■■■■■«■■■■■■«■■■■■ 
■■■ ■■■■■■■■■•■■■BBf BBaaflavaa 
■■•■■■■■■■■■■■■aBiiaBMSBaaa 




■■■■•■■■■•■■■••■■■■■■■■•■■■■■■■iciaaHBBBBaBBBBBBaBBaaaaaa 

aaBaaaaaBaaBBaaaaaaaaaaaaaBaaBaiL^BaaBBBaaaaaaaaaBaBBi - 

aaaBaaBBBBBaaaBBBBaBaaaBBBBaBBBIBBBBaBBBBaBBBBBBBBBBBI 
aBBBBBBBBaaBaBBaBaBaBaaBaBaBBaBiBBaBBaaaBBBBBBaBBaBBBi 
BBBaaBBBaBBaBaBaBaaBaaaBBaBBBBBiaBBBBBBaBBBBBBBBaaBBBi 

Baaa«BaBBaBaaaBaBaBaB8BBaBBBaBBIBaBBBBaBaBBBBBBBBBBBBI 

B^aBBBaBBaBaBBBaaaaaaaBaBBBaBaBiBBBBaBBBaBBBBBBBBBBBBi 

BBh.^aBaBBBBBaBaBBBaaaaaaBBBBaBBiBaBBBBBBBaBBBB8BBaaBa1 

BaaBcaBBaaBaaBBaaaaaaaBaBBBaBaaiBBaBBBBBBBBBBBaaaBBBaBBBB 

BBBBaar'aaaBBaaBi — — 

BBBBSBaBB^SSySBBBiiiiSrBiiiiiiii iiiiiBiaiit'siiiBBiiiB jiii 

BaaBBBaaaaar'aBaBaBBaaBaBBBBBBBr.TBBBBBBaaaBBBBaBBBBBBBBBBB 
aBBBBBBB8aBak:'«BaaBaaBaaaBBBBaBP’.BBBaaB8BBBBaBaBBBBBaBaBBB 
aB8BaBaBBBBBBa>:«aBaaaaBaBBBBaaaiBBBBBaBaBaaaBB8BaBBBBaaBB 
aaBBBaaBaaaBaBBB^aaaaaaaiBBBBiBiBBBBaBBaaiaaaBBiaBaaBBBBB 
BaaaaBaBaaaaaaaBBhi^BaBBaiBaBBBBiBBBaBMBaaiBBBBaiaBBBBBaaa 
BBBBaaBBBBBBaaBaBBBCaaBBBaaaBBBI BBaaBBBBBaBBBaaBBBaBBBBBB 
BaBaiaaaBBBBaaaaaaaBBj'aaBBBBaaaiaBBBBaBaBaBBBaaBBBaaaBBaB 
BBaBaBBBaBBaBBBaBaBaBB«.^BBBBBBaiBBBaBBBBaBaaBaaBBBBBBBBBa 
BBaBaBaBaBB8BBBBaBBaBB8B^ai »:BBn naBBBaaBBBBaBBaaBaBaBBBBB 
B■BBBaBBBaBaaBaaBaaaaBBBBa^BBCC‘SL’3aBBBBaBBBBBaBBBaBBBaBBB 
BaBBBBBaBBBBBBBaBBBaaaaBBBBk.'VaHaBBaflaaBBBBBBBBBBBaBaBBBBB 
BBBBBBBBBBBaaBBBaBBBB8aaBBBBi.:air.nBBaBBBaBBaBaBaBaBBBaaaB 
MaBBBBaaaaBBBBBaaaaBaBBBBBMak?^'iaBBBBaBBBaBBBBaBaaBBaBB 
aaaBBBBB8BBi8BaBaaaaBaaBBBaaaaB«a^BaBaBBaaaBBiBaBBBBBBBBa 
BBBBBBaBBBaaBBBBaBBaBBBBBBBBBaai BBikBBaBBBBBBBBaBlBaBBaBBB 
BaaBBBaBBaBBaBBBBaaBBaBaBBBBB8BiaBaa,raaaaaBBBaBBBaaBBBaBa 
aiBBBBBaaBBaBaBBaBaaaaBaBBaBBBBiaBBBBWfvaaBaBHBBBBBBSBBBB 
aBBBBBBB8BBBaBBa8B8a8BBBBBaBaBBIBBaBBaBh;^BBaBB8Baaa8BBaBB 
BaBaaBBaflBBaBBaBaBaBBaBaBBBaaBBHaBBBBaBaajBaBBaBBBaaBBBBB 
BIHBBBBBBBBaaBBBBBBBBBBBaBaBaai BBaBBBBBBaBBBaaBBaaaBBBaa 
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VI. The slope of a straight line. 

Definition. — It a point P lying in the first or second quadrants 
be taken on a straight line which cuts the x-axis at A, then XAP 
is called the slope of the line (see figure snbjomed). 

The angle XAP is 
usually called ^ (Greek 
letter psi). 

It may be acute or 
obtuse. 

The angle Z'.4Pmust 
not be taken as the 
slope, of which it is the 
supplement. 



Corollary. — tan gradient of the line. 

On referring back to the figure of Article V. we see that 


tan \f =tan XAP 
J)B 
~ AO 


= gradient of the line. 

The fact that tan measures the gradient of the line is very 
important. It enables us to find the slope of a line when its 
gradient is known. 


Example 1. — Find the slope of the line joining the points (1, 2) and 
(4, 7) by measurement and by calculation. 

On plotting the points and joining them we find by measurement 
•that \f/ = XAP is rather more than 59°. (Diagram 4.) 

» ■ n . l/s - Vi 2 - 7 5 

Again the gradient ■" = — - 

ITg — ITj I *1 O 

tan ^-1-6667 (neatly). 

Hence from mathematical tables we obtain 
if' ---.59° 2'. 

Example 2. — A line passes through the point (0, 2) and has a slope 
of 122°. Draw it and find its gradient from the diagram and from 
mathematical tables. 

Diagram 4 shows us that the line passes through the point 
(-2. 5-2). 
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Hence the gradient — i~ ^ 

From the tables we have the gradient = tan 122°= - 1-6003. 



Djaobam 4. 


Example 3.— Calculate the slope of the line joining the origin to the 

point (4, - 2-6). ^ , «/i 2-6 

Gradient -= -= 

*1 4 • 

tan --65. 
xj, =146° 58' SO*. 

These examples will bring out the fact that 
a positive gradient means an acute slope, while 
a negative gradient means an obtuse sli;^. 
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VII. Find the eqtiation to a straigM line of gradient m which 



intercepts a length of b units on 
the y-axis. 

OB is the intercept of the 
line on the y-axis, and is 
therefore b units long. 

Let P = (x, y) be any other 
point on the line. 

Draw PN perpendicular to, 
and BL parallel to, the x-axis. 

m. 


NP-NL 

ON 


, y-b 


X 


Whence y = mx + b. 

In this equation there are two constants, ni and b, and two 
variables, x and y. 

If the straight line pa,sses through the origin, then h is of 
zero length, and the equation reduces to y — nix. 


Corollary 1 . — If f is the slope of the line, then tan 4'=gradient 
= m. 

We could therefore write the equation just found thus ; 
y = x tan f-i-b. 

Since B = (o, h) we might say that we have found the equa- 
tion to a straight line pa-ssing through the point (o, b), and 
having a given slope f. 

The “ gradient ” form is, however, of much greater import- 
ance than the “ slope ” form of the equation. 


Corollary 2, — Parallel straight lines home equal gradients. 

If the lines AB and A'B' in the figure are parallel, then 
evidently f = 

. . 4^ \^'=tan f. 
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Hence the gradients are 
equal 

It follows that if the equa- 
tions to AB and A'B' are 
y = mx + b 
and y = mfx -I- b’, 

then m=m’ 

Corollary 3 — If too hues 
are yerpendic'dar, then the product of their aradients is - 1 

Let A"B" be perpendicular to 

Then tan f"— -tan AA"B'' 

= - cot f 
1 

tan f 

tan f tan f"— - 1 

That IS, the product of the gradients is - 1 

If the equation to A"B" is y n)"T + b", that of AB being 

y-mx + b, then wm"= -1 In other words m" - - . 

•' in 

Both these corollaries could easily be deduced by the help 
of Article I , but their importance warrants an independent 
proof. 

Example 1. — Write doum the equation to a straight line of gradient 
i uhich makes a negative intercept of 4 wills on the y axis. 

Wo have m-" and 6 = - 4. 

The equation is therefore, by substitution in y — mx+b of these 
values, 

?/= \x - 4, 

which gives 2x - = 12. 

Example 2 — Wluit is the slope of the line 4a:- 5y+6 = 0 f 

We must first find the gradient of tlie line, and to do so it is 
necessary to wiite the equation m the form y = mxd b. 

We have 6y = 4a:-l-6 

4 

The gradient is therefore g. 

' tan ^ = -8 * 

f = 38° 40‘«»wily 
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We can now see that the gradient is 


Y 









i- 


' x 


The line outs yy' at the point (0, ] -2) for by the last form of the 
equation 5 = |. 

Example 3. — Fvnd the. gradient of the line lx+my+n — 0. 

We first of all write 

my = -lx -n 
I n 
m 

I 

ni 

The line makes an intercept - on the u-axis. 

m 

Example 4. — Show that the straight lines 
y — •5r + 2 and y - -bx i 4 are parallel. 

Tile giadiont of each is o, hence they 
are paiallel. 

To find their slope vve have tan 11 = -5 
f -26° 34'. 

Example b. Show that the straight 
lines ix - by-i i -(t and 9 0 are para’’, el. 

The gradient of the finst is J. 

The giadient of the second is 

I'o ft S- 

Thus the two lines are paiallel 
since they have eipial gradients. 

Their slope is given bj' 
tan ip 8. 

.-. 40'. 

Example 6.- Proiv tlmt the lines 
2*-3y I 4 = 0 and 3x \-2y ^ li-O 

are perpendicular and ictify by a 
jigure. 

(i.) The gradients of the hne“ are 
1 and - .1. 

Their product is therefore - 1. 

Hence the lines are jierjieiidieular. 
(ii.) Since tan PA'X = - ^ 

.-. P^'X- 123° 42'. 

And since tan PA A — 4j 

.-. e1a = 33°42'. 

APA' = 90°. 

Remarks . — It will be observed that the tests for parallel and per- 
pendicular straight hnea take several forms. Which is to be used 
will depend on the particuly problem. The fact that the product 
of the gradients of perpeaf^Pular lines is - 1 is very important. 


1 
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VIII. Find the tangent of the angle between two lines whose 
gradients are W j and wij. 

Let 6 be the angle between 
the lines and let and be 
their slopes. 

Then 

tan — and tan 
Now tan <y=.tan {fi-'ffi 
tan - tan i/., 

~ 1 + tan i/-, tan i/.,’ 
m, - III., 

tan 0 - 

i + 

Corollarg 1. — If the lines are parallel, tan ft = tan 0‘’ = 0, 

. . nil - iii^—O. .•. = 

Corollary 2. If tlie line.s are perpendicular, then 
tan 0 - tan IK)® - cc , 

. l+//(,W2-(), 

1 1 

/n,n /2 1 or y/ij- - 

//<2 

iiotfi these curoffanes have already been proveif. 

Example. —Find ihe atiite angle between the lines whose gradients 
are * and J. 

tan 0 “ - --1897 (nearly), 

1 iniin. 1 1 { I ' 

. ft -169° 16'. 

The acute angle is 10° 44'. 

IX. MISCELLANEOUS EXAMPLES 

Example 1. — A line is drawn through the point 2) so as la 

be periiendicidar to OH. Find its equa- 
tion and show that the point i' = (l, .'>) lies 
on it. 

The equation to OH is 
x__y 
3 2’ 

.■.2x-Hg 0. (Chap. If. Art. VI.) 
Hence the equation to AB, which is 
perpendicular to OH, is of the form 
3*4 |pn = 0. (Art. III.) 
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But H=(Z, 2) is on the line, 

9+4+71 = 0, 

»= -13. 

The equation to AB is therefore 3 a:+ 22 / - 13 = 0. 

Now when x= 1, 3 / = 6 , so that the point P=(l, 5) lies on AB. 

Example 2. — In Example 1 draw PN and PM perpendicular to the 
axes. Prove HM at right angles to HN. 

We have Jlf=(0, 5), iV-(l, 0), and /i = (3, 2). 

Gradient oi MH~^ .^= -1. (Art. V. Cor. 2.) 

— O 

Gradient of NH= ^,= 1. 

1 ” P 

Product of gradients of MH and NH= - 1. 

The lines are therefore perpendicular (Art. Vll. Cor. 3). 

Example 3. — Three men start from the same place at the same time. 
One travels due east at 4 m.p.h., the second travels aue north at 3 m.p.h.. 
while the third keeps due north of the first and due east of the second. 

Find the direction in which the third man 
travels and his speed. 

(i.) Take the starting-place as origin, 
the East-West line as axis of x and the 
North-South line as axis of y. 

Let the third man bo at P={x, y). 
Tlion the first man is at N and the 
second at M. 

At 4 m.p.h. the time taken to travel the 

distance ON is hr. 

4 

At 3 m.p.h, the time taken to travel OM is hr. But the first 

man goes from 0 to A while the second goes from O to M, 

ON _OM 
4 “ 3 ’ 
x_y 
■•4 3’ 
y=\x. 

The slope of this line is given by tan f= J=-75, 
f = 36° 62'. 

The third man travelgjtlong a straight road running in the 
direction 36° 62' N.E. 
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(ii.) If P is the position of the third man at the end of an hour 
then OiV = 4 and PN = 'i, 

OP» = 16+9 = 25, 

. OP = 5. 

The speed of the third man is 5 m.p.h. 

Example 4. — A system of parallel lines is drawn, catting the axes. 
Find the locus of the mid- 
points of the parts of them 
interceptedbetween the axes. 

Since the linos are 
parallel they have the 
same gradient k. 

Let one of them cut 
the axes at P and Q. 

Let jS=(x', y') be the 
mid -point of PQ. 

Let Q = (o, q). 

Then the equation to 
PQjay-kx \ g (Art. VII.)- 

Heiioe by the usual method P -(^ /-’'V 

(Chap. I.) 

.-.x'-- 4 and 2,'- 1 

Eliminate q, which is a variable depending on the particular hne 
of the system drawn, and must therefore not appear in the equation 
to the locus. 

We have ^ ~2 

= - kx'. 

The locus of S is therefore the graph of the equation 
y= -kx, 

a straight lino passing through the origin. 

Example 5. — At every point Q of last example draw a perpendicular 
to PQ cutting XX' at R. 

Find the locus of T, the mid-point of RQ, and prove that it per- 
pendicular to the locus of S. 

Since the gradient of PQ is k, that of RQ is “ ^ (N.B. mm' = - 1 
gives Im, 
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The equation to RQ is therefore 

y-= - \xJrq, 

R~(h/, o); 

and since (>=(o, y), (Chap. I.) 

I^t 7' ( *•', y'), 

. jc and y 
Eliminate q as before, 

• ''' ^ 

k 

The locus of T — {x’, y') is the straiglit line through the origin, 

which is the graph of the equation i/- . r- 
1 “ 

Its gradient is That of the last example was-I. 

The jiioduot of the giadiciits is - 1. 

OS and OT ate tlie.iefoie perpendicular lines. 


Exampll 6 , — Prove lli/il llu iiltiludes of n A A />’( ' ore concurrent. 

Take CA as axis of x and the jier- 
jiendicular from B to CA as axis of 
Let A={a, o), B (o, 6), and C 
( - <■. o). 

Let the altitude from C cut OY 
at ff s (o, h). 

The equation of AB vi 

a^b ’ 




ly 


/ 

B/o 6) 

/ 


\ 

c 

C-c,o) 

0 

^(a 0) 


,x 1/ 
c h 


and of CH is 
These lines arc perpendicular. 


-la ’ - 


whence ^ = so that if s ^o, 

Similarly it can be shoxi^that AD passes through ^o, ^ 


The altitudes are then 


concurrent at H, 


ill 
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Example 7. — Find the orthoeentre of the triangle whose sides are 
y — h^, y = 2x, and 2z + 3y = 12. 

The orthoeentre of a triangle is the point at which its three 
altitudes meet. 

We need therefore find the equations to two of these only, and 
solve them. 

O is a vortex of the triangle, 
since two of its sides are seen 
by their equations to pass 
through the origin. 

Let the remaining vi'rtiees 
be A and B as shown in the 
figure. 

On solving the equations 
y = %x and 2x \ 3y = 12, we find 
that B -(1-5, 3).' 

Draw OD perpendicular to 
AB, and BE to OA. 

Since the equation to A B is 
2x 4 3y - 12, its gradient i.s - t. 

Thus the gradient of OD is 4. 

The equation to OD is theiefore y ]a:. ... (1) 

Again the equation to OA is // i r. Hence the gjMdjent of BE 
is - 3. 

The equation to BE is thendoie of the form y 3j’ 1 h. Since 
B~(l-5, 3) lies on this line, 

.-.3- 

Ic- TTj. 

The equation to BE is 

y=-.3j- + 7-r) (2) 

On solving the equations (1) and (2) we find tliat OD and BE 
intersect at the point (1, ^). 



RKSDMlt: 


1. The angle between the two lines J^x + mjy + = 0 and 
+ m^y + Wj = 0 is given by the formula 

tan u = , , , 

The lines are parallel if = — \ and perpendicular if 

VO W? 2 

2. Lines are parallel whose equ^ions differ in the absolute 
terms only. 
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3. Two lines are perpendicular if the coef&cients of x and 
y are interchanged in their equations and the sign of one 
coefficient reversed. 

4. The gradient of the line joining the points [x^, y-^ and 

(^2. 2 / 2 ) is 

5 . y~ mx + 6 is the equation to a line of gradient m, making 
an intercept of 6 units on the ^-axis, or passing through the 
point (o, 6). 

6. Two lines are parallel if their gradients are equal, and 
perpendicular if the product of their gradients is -1. Put 

. symbolically we have 

(1.) m = m'. 

(11.) mm' = - 1 
, 1 

or m = - . 

m 


EXAMPLES 


1. Find the acute angles between the following pairs of lines : 

y = 2. 


( 2 ){ 

,o^f4a:+6^-5 = 0 
''’^\3a:+6y + l=0. 


2*-3y + 12 = 0 
x-5y+ 5 — 0. 


( 1 ){] 


2. Find the angle between the following pairs of linos : 
4x+2j/-5 

I12x+6y = 7. 

(2)1 

^ ai5x+10y = 4. 

3. Make the construction of Article I. for the following pairs of 
lines : 

n)/^+^y=3 

^^'I3x+2y=4. 


^ '16x-63/ = 3. 

In each case find the size of the angles OMiLj-a-aA OMJj^ Hence 
find the angle between the hnes and verify by the usual method. 

4. Perpendioulars are (%wn to the axes from the point Cm{a, b). 
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Find the equations to the diagonals of the rectangle so formed. 
Hence obtain an expression for 1 he tangent of the angle which they 
include. 

5. Prove that the following pairs of lines arc parallel : 


( 1 ) 


- 2i/ 

4 // 

,c)A -tel 7i/ 


4 

3. 

1 

0 . 


6. A straight line is Jiaun thiough the poinl (3, 4) paiallel to the 
line x+2y 5 Find its equation. 

7. Find the equation to the straight line passing through the 
point (2, - '{) and parallel to 4r - .^i/ - 2 

8. A straight line cuts the axes at A =(o, o) mil b). Find 

the equation to the stiaight line vhieh joins tin mid jioints of OA 
and OB, and hence show that it is paiallel to AH. 

9. A straight line is drawn thiough the intcrsietion of the lines 
2 t (- 1/4 1-0 and (ii: bi/ u, piialld to thr line 2a-3i/ = 0. 
Find its equation. 

10. A straight line is diann thiough the oiigin parallel to the lino 
X V 

^ 1 Find its equation 

11. Piove (hat the following pnrs of iinis arc peijii iidit ular : 

fill 

5a:fl5)/ 2. 

,,,/ Oxf 4i/-7 

'"n28a:-42i/ !». 

12. A straight line is diawu thiough the jioiiit (1,1) perpendicular 
to5x-7i/ = 2. Find its equation 

13 A straight line is drawn through the origin poipendicular to 
lx f9i/ — 2. Find its equation. 

14. Perpendiculars ( 'A and CB are drawn from the point C = (a, 6) 
to the axes. Find the equation of the perpend '"’ular from the origm 
to the diagonal AB. 

15. In last example if OA( H is a squaie prove by analytical 
methods that the diagonals are perpendicular. 

16. OPQ IS a triangle such that 0^(0, 0), P=(3, 3) and G=(0, 4). 
Fmd the equations to the altitudes of the triangle through 0 and Q. 
Solve them and so fand the orthocentro of the triangle. 

17. A straight hne cuts the axes at A=(4, 0) and Bs(0, 3). 

•JP is a variable point on it. 

Q is taken on OP so that OQ = i OP. 

Show that the locus of Q is a straight line parallel to AB. 
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18. A and S are two points on the x and y axes respectively. 

OD is perpendicular to AB, and OE bisects angle AOB. 

AF is perpendicular to OE. 

If OA = a and OB-t, obtain the equations to AB, OE, OD, and 
AF. 

Prove that the angle between OE and OD is equal to the angle 
between AB and AF. 

19. A straight line cuts the axes at A and B. 

Prove that the median through O of triangle OAB bisects all 
lines parallel to AB. 

(Hinis: Take the equation to AB in intercept form. Tlie equa- 
tion to any parallel, FQ, will dilTer only in the absolute term. Find 
the equation to 00, whore C is the mid-point of AB. Show that the 
mid-point of PQ lies on AB.) 

20. Write down the gradients of the lines joining the following 
pairs of points ; — 

(1) (1, 2) and (4, :!). (4) (0, 0) and (2, - 3-8). 

(2) ( - 2, r.) and (3, 2-<5). (.')) (0, 0) and (.5, 4). 

(3) (0, 3) and ( - 4-2. 0). ( 6 ) (0, 0) and ( - 5, - 4). 

(7) (o, o) and (o, t>). 

21. Find the slope of the lines joining the given pairs of points. 

(1) (3-2, 4-6) and (6-5, 7-2). 

(2) (0,- 1-4) and {-2-2, ]-9), 

(3) (0, 0) and <3, - 5-8). 

22. What is the gradient of all lines perpendicular to 
(1) 6a:-2i/-3 and (2) 4a;+7i/+IO 0? 

23. Find the gradients of the lines joining the pairs of points 
(2, 1), (4, 4), and (.5, - 4), { - 1, 0). Use the test rrijm^ = - 1 to prove 
the lines perpendicular. 

24. ABCD is a square, F is the mid-point of AD, and E is taken 
on AC so that AE : EC= 1 : 2. Prove that DE is perpendicular to 
FC. (U8emim2— “!•) 

25. A = [a,o), Bs{ - a. o), and P~{x', y'). 

If PA is perpendicular to PB prove that x'-A-y'^ = a^. (Use 

- 1 .) 

26. Use Article I. to find tan 9 in the case of the lines y = miX-f ftj 
and j/=mjX-|- 62 . 

27. A straight line cuts the axes at A and B, and C is the mid- 
point of AB. Perpendiculars CM and ON arc drawn to the axes. 
If P is a variable point such that the area of the quadrilateral 
ONPM is equal to A OAB, show that the locus of P is a straight 
line parallel to AB. 

28. KL is taken on XX' of length I units, and MN is taken 
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on YT' of I'ii.gth m units. P is » variable point such that 
A KPL-A MPN is constant. Prove that the locus of P is a 
straight line perpendicular to ?i=0. 

29. PN is perpendicular to XX' and PM to YY'. 

(i.) Find the locus of P if the jjerimeter of the n ctangle ONPM 
is constant. 

(ii.) Find the locus of P if the length of the rectangle always 
exceeds its width by a given amount. Prove that the two loci are 
perpendicular lines. 

.30. OAT)}} is a trapezium having AOB- OSD-Wf. If OA = 8 
units, OB-1 units, and DB — 8 units, find the angle between OD 
and AB. 

31. Find the angle between the lines x \ y - 5 ~0 and 
2a- - 2!/+3 ---0. Find also the area of the quadrilateral which the 
lines form with the axes. 

32. ABO is a triangle. BE is jKirpeudicular to AC, and CF to 
AB. If CF cuts BE at H, pro\ o analytically that EC-EA - EH-EB. 
(Sec Article I. Example 4.) 

33. CAB is a right-angled triangle. A line perponilicular to the 
hypotenuse AB meets CB at Q and CA at P. Prove BP perpendicu- 
lar to AQ. 

34. Find the orthoeontro of the triangle whose sides are the lines 
ic = 2 /, x-2y and x-+-2y-8. 

35. Find the co-ordinates of the foot of the perpendicular from 

the origin to the Une *• 

If the line cuts the axes at A and B, and if D is the foot of the 
perpendicular fiom O to AB, find the lengths of OD, AD, and BD. 
Hence prove that OD^ = AD DB. 

36. Write down the equation to lines having gradients and y-inter- 
cepts as follows : 

(i.) gradient S ; intercept 4. 

(ii.) gradient - | ; intercept 3. 

(lii.) gradient --8; intercept -2. 

(iv.) gradient 1-7 ; intercept zero. 

37. Find the niid-})oint of the length intercepted by the axes on 
the line ij = mxA-b. 

38. Find the locus of the mid-points of the lengths intercepted 
by the axes on a series of parallel lines. (N.B . : AH the lines have 
the same gradient.) 

39. What are the co-ordinates of D, the foot of the perpendicular 
from 0 to the line 2x-fy= 10 ? 

mad another point P on the given line and draw from it wr- 
f^ndioulars PN and PM to the axes. Prove that MN subtends a 
right antde at O fWinr • ™ i ' 
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40. Points B and B' are taken on the y-a,w so that OB = OB'. 
The gradient of a lino through B is m. If 0B = h write down the 
equation to a line through B' perjtendioular to that through B. 
Where do the two lines intersect ? 

41. A straight line outs the axes at A =(«, o) and B^{o, b). The 

/\ 

bisector of XOY is drawn. 

(i.) Work out the equations to the jierpendiculars from A and B 
to the bisector. 

(ii.) Find the co-ordinates of D and E, the feet of the perpen- 
diculars. 

(iii.) Parallels are drawn through Jj and E to the axes. Prove 
that two of them intersect on AB. 

42. A straight line cuts the axes at A and B. 

C is the mid-point of AB. 

A perpendicular BD is drawn from B to OC. 

(i.) If A = {n, o) and B = (o, b), what is the gradient of BJ) ? 

(ii.) Hence obtain the equation to BD and lind the jiomt E where, 
it cuts XX'. 

Provo 0A 0E--0BK 

43. If a triangle ABO i.s right-angled at V find an expression for 
the tangent of the angle between the lines joining fJ to the corners 
of the square on the hjqiotomise as in the figure of Pythagoras’ 
theorem, the sides of the triangle being a units and b units in length. 

44. ABC is a triangle right-angled at C. 

B is joined to any point P on AO or AO jiroducod. 

AQ is perpendicular to PB and cuts PQ at K. 

Provo that the system of lines PB are all pHrallel to one another. 

(Hint : Use intercept form of equations to straight line.s BP and 
AB. Prove the gradient of PB constant.) 

45. A point B is taken on the y-axis. Through it are drawn a 
pair of perpendicular lines. Parallels are drawn to these lines 
through the origin so forming a rectangle. Provo analytically that 
the variable diagonal always bisects OB. 

(Hint ; Use the gradient form of the equation to a straight line. ) 

46. Two straight lines arc drawn, one through the point (0, 2) 
and the other through the point (2, 1). If the intercepts made by 
the axes on the first are three times those made by the second find 
the equations to the lines. 

47. Three points A, B, and C are taken such that A =(12, 0), 
H=(0, 15), and C=(8, 0). Parallels are drawn through C to OY 
and AB. Find the point of intersection of the diagonals of the 
parallelogram so formed. 

48. From any point on a given straight line perpendiculars PM 
and PN are drawn to the axes. Prove that the locus gf the mid-point 
of MX is a straight Une parallel to the given one, 
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40. ABCD IS a square. A variable line is drawn through A. 
Perpendiculars BP and DQ are drawn to the hne Parallels are 
drawn through P and Q to the sides of the square, so forming a 
rectangle PSQP. Prove that S mid R always he on one oi other of 
the diagonal^' ol the square 

50. ABC IS an isosceles triangle such that A = (a, o), B = (o, h), 
and C=( - a, o). Find an cxpiession for the tangent of the angle 
between the medians through A amt C 

51. In last example pio\o that the angle beiwien the altitudes 
through A and C is equal to the angle bi tween 4B and BC 

.52 OACB IS a rectangle suih that ^s(o, o) and B=(u, b) 

P and ^ aie take n on XX' so that OP OQ OB 


Find the ratio 


tan BP(' 
tan BQC 


5.S. Through the point ( (0, K) two straight lines are drawn 

whose gradients are ^ and - J nsinctivoly. Peipendiculars OA 
and OB aie drawn to these lines What angU does AB subtend 

at 0 ’ Prove it supplemoiit.iiy to ACB. 


.54. A straight line of gi adient m cuts thi axes at A and B. 

C IS the mid point of AB and Ol> is piipeiidieul ir to AB. 

If OB h find the tangent of the .ingle hetwiiii OD and OL 

If DOL' — 'iTP liiid the slojio of 4/1 

55 B and B' are two points on the y axis such that OB -OB' 

(i ) Wiite down the equation lo i line through B of gi adient m. 
(ii ) Find the point F w he le this line cuts the paiallel to the x axis 

through B'. 

(ill ) A parallel to the v axis c uts these lines .at and B What 
arc the co-oidinates of S, the mid point of QR ’ 

(iv ) Prove tb.vt OS passes through P 

56 AB IS the hypotenuse of a right-.ingleil triangle ABC. Any 
str.iight hue parallel to AB cuts t A at F and ( B iX Q Find the 
locus of the intersection of A(^ and BP 

(Hints Take the equation to AB in intercept foim and use the 
fact that th(‘ equ.ition to PQ difiiis from it only in the absolute 
term ) 


57. Fiom the veitex B of .in isosteh-s triangle ABL' a perpen- 
dicular BD IS drawn to tlie b.ise 1>B is diawii perpendicular to 
AB.' B is joined to F, the raid point of HE Prove BF perpen- 
dicular to CE. 
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LENGTH OP THE PERPENHirULAR PROM A POINT TO A LINE : 

THE EQUATION X COR tt + y sin a=^J 

I. The expression Ix + my + n has Ihe same sign for all points 
(x, y) on one side of the line Ix + my-} n =0, and has the contrary 
sign for those on ihe other side of the line. 

Let AB be the straight line lx + my — 0. 

Let /’=(*], f/j) be any point in the plane of the axes. 

Draw PN ])erpencl’cular to 
A’A'' cutting .17? at Q. 

Th('n Q-<{x^, NQ). Now Q 
lies on AB, 

Ixi + vi ■ NQ + n — 0, 

Ix^ + n— - m • NQ. 

Ixi + my I + n = my^^ ~ mNQ, 

= jh{N7"-A"^). 

Hence since w is a constant the .sign of ixi + nii/j + n ia 
dependent on that of the difference NP- NQ, which is positive 
or negative according as NP is greater or less than NQ. Now 
the figure shows us that NP will alwavs bo greater than NQ 
30 long as P lies on one side of the line AB, but will be less 
than NQ when P is on the other side, as at P'. Consequently 
the sign of ixj + my^ + n is plus for all points on one side of the 
line Ix + my + 01 = 0, and is minus for points on the other side. 

When P lies on .JR then NP = NQ, so that Jxj + mpi + n = 0 
as we know it should be. The line is a sort of neutral zone 
with regard to the sign of the expression lx + my + n. 

We have, then, the following procedure. To see whether 
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SIGN OF h + m^ + n 

two points lie on the same or opposite sides of the line 
lz + my + n = 0 substitute their co-ordinates in the aitpression 
lx + mi/ + n. If like signs result the points are on the same 
side of the line, but if contrary signs are obtained the points 
are on opposite sides of it. 

Example 1. — Is the point (2, 5) <m the same side of the line 
- 12 = 0 a« the origin ? 

When x = (> and i/ = 0 then ^x-^iy - 12= - 12. 

When x = 2 and y — 5 then - 12= + 14. 

The point (2, 6) is on the .side remote from 0. 

Example 2.- -Classify the following points with regard to the line 
2r:-l-52/ = 10:— (1, 2), (-6, l);(-3, 2), (-3, 4), (2, -!),(-], -2), 
(3, 5), and (6, - 1). 



Diagram 1. 
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We must first write the equation to the straight line thus : 
2 j:+5j/-10 = 0. 

When a: -0 and = 0 then 2a: + 5y - 10= - 10. 

When a:= 1 and y- 2 then 2x-\-S>y - 10= + 2. 

When ar = - 6 and y-\ then 2a‘-)-5)/ - 10= - 17. 

When * - - 3 and y = 2 then 2x \-5y - 10 - - G. 

When a:= -3 and y~4 then 2a:+5^- 10= + 4. 

When x — 2 and y= - 1 then 2x+5y- 10= - 11. 

When a: = - 1 and y- - 2 then 2x-\ 5j/ - 10 = - 22. 

When x = 3 and y- 5 then 2a; + .5//- 10 — 1 21. 

When x-6 and y- 1 then 2a; .5// - 10 = - 3. 

Heneo the points (-6, 1), (-3, 2), (2, -1), (~1, -2), and 
(6, - 1) lie on tlie origin side of the line, while the points (1, 2), 
( - 3, 4), and (3, 5) he on the othei side. 

It has to he remarked that we could have written the equation 
to the line as follows ; 

- 2j: - 51/ ' 10 0. 

This is merely the foim we chose multiplied throughout by - 1. 
In this event the positive and negative regions will now be inter- 
changed. The signs of all our results will, however, be reviused, so 
that the i lassilication of our points will in no way bo affettcd. Let 
us take, fot example, the lit.sl two points, namelj (I, 2) and ( -6, 1). 

IV'lien x — 0 and i/-0 tlien-2j - 'ii/ i- 10 f 10. 

When X 1 and 1 / 2 then - 2x - 5i/ + ]0 - 2. 

When X - - 0 and «/ = 1 then -2x~5ij \ 10 = -r 1 7. 

Hence we have shown as befoie that ( - 6, 1) is on the same side 
as the origin and (1, 2) on the lemote side. 

At the outsi t ol oui woik \\c must then foie ]iie)jare our equation 
and abide by the aiiaiigemeiit throughout. 


II. Fwd the length of the 'perpendicvlai front the point 
P^(x', y') to the straight hue lx + my f it =0. 

Maik tlie points M = (/«, o) and L -(o 1). 



Then LM is paullel to It + uiy + h = 0 
(Chap. II.). 

Draw PQR perpendienlar to the two 
parallel lines 

Join PL, PM, QL, and QM. 

The quadrilateral LPMQ is the 
difference of the quadrilaterals OLPM 
and OLQM. 


Now lx' + my' = 2 quad. OMPL (Chap. II Art. III.), and 
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- w = 2 quad. OMQL, since Qma, point on the line lx + my + m = 0 
(Chap. II. Art. III.). 

Subtract .'. lx' + my' + w = 2 quad. LQMP (1). 

But 2 quad. LQMP = 2 A LPQ + 2 A MPQ. 

^PQ - LR + PQ - Mil. 

^PQLM. 

= PQJP + m^ . . . (2). 

Hence by (1) and (2) PQ = lx' + my' + v , 

_ " 


Remarks . — The numerator of this formula is the expression 
lx' + my' + n. Hence by last article will not only have 
magnitude, but also a sign depending on which side of the 
line lx-\-my + n- i) the point (x',y') lie.s. The .signs of per- 
pendiculars from points on one side of the line will be plus, 
those from points on the other side minus. 

The procedure for finding the length of the perpendicular 
in any given case is the following. Bring all terms of the 
equation to the straight line to one side, say the left-hand one. 
Then substitute [x', y') in the left-hand immiber of the prepared 
equation, and put the result over the square root of the sum 
of the .squares of the coellicieuts of s and y. The actual length 
of the perpendicular will, of course, in no way depend on the 
manner in which we write the left-hand member of the equa- 
tion, but the sign will be affected, contrary signs being obtained 
for the two arrangements lx -t my + n =0 and -lx- my - n =0. 
In any problem where sign is of importance, that is to say in 
a question involving the situatitm of the point relative to the 
line, we must at the outset decide between the two forms of 
the equation and adhere 1o our choice throughout the work. 


Example 1. — Find the lengths of the perpendiculars from the 
origin and from the point (2, 3) to the straight line - 6. 

We first write the equation thus : 

‘ix^Cnj - 6 - 0 . 
the two perpendiculars be and p. 
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CHAP. IV 


(L) Putting x = 0 and j/ = 0 in the expression 3a:+5y - 6 we have 

-6 

j3“+5»’ 

= - 1-03 (approx.). 

(ii.) Putting x = 2 and y = Z we have 



= 2-57 (approx.). 

The lengths of the perpendiculars are approximately 1-03 units 
and 2-67 units respectively, and the signs of the results show us that 
the origin and the point (2, 3) are on opjjosite sides of the line. 


Example 2. — Work out ihe resiills of la/tt example, writing the 
equation to the straight line in the form - 3r - 5j/ + 6 = 0. 

In this case ^ 

/)„= — - 1-03 approx. 

" \/(- 3)2 ^-(- 5 )“ 

and n - ^ - - 2-57. 

v/(-3)H(-5)* 

The numerical values are the same. The signs are reversed, but 
they still show us that the points are on ojiposite sides of the line. 


Example 3. — Fiitd the length of the perpendicular from the origin 
to tite line lx j mg-i n -0. 

Let the length of the |>erpendicular be p, units. 

Then on putting x — ij-D in the expression lx-\-my+n we obtain 


_ 

Example 4. — Find the locus of a point which moves at a distance 
of tioo units from the line 3^ h4y = 12 and on the origin side of it, 

lA't (xj, j/i) be any position of the vari- 
able point. 

W rite the equation to the line in the form 
3j: l-4y - 12 = 0. 

The length of the perpendicular from 
the origin is 

- 12 ^12 

Vo+ie”' 6’ 

Perpendiculars from the origin side of the line will therefore be 
negative. 

Hence since we are given that the length of the perpendicular 
from (xi, i/i) is 2 miits, 

3Xi-i -4y i-12_ 

■ ' 5 ' 

3a:j-|-4i(j = 2. 
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art. hi PERPElfelCULAR FROM ORIGIN 


The locus of (a^, y-^ is the graph of the equation 3a:+42/ = 2. 
Tt is a straight line parallel to the given one AB. 


Example 5. — Obtain the locus of last example when the point moves 
on the side remote from O. 

Let (xj,, 2 / 2 ) be a position of the variable point. Using the arrange- 
ments of last example, we see that the sign of the perpendicular 
from (a-j, y^) must be plus, since that from O is minus, 

. 3r34-4yii-12 ^ 

6 

3x2+4j/,-22. 

The locus in this case is tlie line .3r ‘ 4i/ — 22, also a parallel to AB. 


III. An ab initio method of finding the length of the petpen- 
dicular from 0 to a given line lx + mg + 11 ^ 0. 


Let AB be the line lx + my An = 0. 

Draw OD perpendicular to AB. 

Y, 

\ 


Then either of the expressions 

OD-AB OAOB 

B 

\D 

2 2 
measures the area of A OAB. 



.-.OD- AB-OAOB . 

. 

. (I). 


Prom the equation lx + mg + « = 0 we have OA - - ^ and 

- ”, 
m 

A r,-, n^P-i-m-) 

AB~— , 2 + 2 ““ 2 > 

P ?/P 




n Jl^ + 

Im ’ 


n JP -t m^ 


Im 
.■.0D=^ 


xOD = ,^Jbyl), 


n 

Jl^ + m^' 

Compare this result with Example 3 of last article. 


IV. Equations to the bisectors of the angles between two lines. 
Let and Lj be the two lines, and let their equations^ be 
Ifo -t r^iy -t Wj = 0 and l^x -t- -t- = 0 respectively . 
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BISECTOR OF AN ANGLE 


CHAP, rv 


The lines divide the plane of the axes into four regions which 
we have numbered I., II , III., and IV. 

It IS a well-known geometncal property of the bisector of 

an angle between two hnes 
that any point on it is equi- 
distant from the lines, so we 
shall use this fact to obtain the 
equations of the bisectors. 

Consider a point P on the 
bisector which passes through 
regions I and III Suppose 
that in region I it is, as regards 
perpendicuUis, on the positive side of both lines Then since 
in passing into region III the point crosses both lines it wdl 
thoio be on the negative side of each line. Hence in region I. 
we have Pi = P 2 , and in region III -Jh~ ~Vi^ which is the 
same thing as p, =p 2 

If therefore P = {x', y'), we have on equating perjiendiciilars 
for this bisector 

lyx' + 111 pi ’ -f ll■^ _ Ijx' -1- w/y -(- iij' 







+ III, 


( 1 ) 


Take next the case of a point lying on the other bisector, 
and suppose it to be in region II In passing from region I 
to region II a point crosses the line but not the line 
It therefore follows that the signs of the perpendiculars to 1 ^ 
will now be negative, while those to will remain positivi . 
If we were to take a point m region IV. it is the line that 
IS crossed in passing from I , so that the signs of the perpen- 
diculars to are changed, but not these to In either case, 
however, the signs of the perpendiculars to Lj and are 
unlike. Hence if P — (x', y') is a point on the bisector which 
lies in regions II and IV , then 

Ipc' + mpy' + 111 _ + mpj' + «2 

-t- ^/ 


. ( 2 ) 
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From results (1) and (2) we see that the equations to the 
bisectors are 

Zj® + + ^ 

+ »w,* Vj/ + ’ 

and ^ _hr + m^y +v^ 

or written together 

ZjX + Mj»; + nj_ + + 

The equations to the bisectors of the angles between two 
lines are thus obtained by equating the expressions for the 
lengths of perpendiculars to the lines from points on the 
bisectors, in one case the signs being like and in the other unlike. 

Example.- -O i/a«w the ei/uaho>ti to the Insectors of the anqhi 
between the lines ;U--4ii=7 atul 12r ho//- 1.5 and wove that they 
are at nght angles. 

First of all we must write the equations in the necessary shajic. 

3x-4y- 7 0. . . . ( 1 ) 

and I2x + Ciy ~ 15 0. . ' , (2), 

The equ.itiona to the bisectors ate thercfoie 
3x-4y-7 12xr5y-].5 

12 • • • 

and _ _ 12x4-5y - 15 

5 i;i ■ ■ 1‘^h 

Simplification of results (3) and (4) give^ 

21xf77v I 16-0, 
and 99x-27y- 166 = 0. 

Now the product of the gradients 

= -zf x;?, 

= - 1 , 

proving that the bisectors are at right angles. 

V. The. accompanying figures wM show that if we know the 

Y| 
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PEEPENDICULAE FOEM 


CBAP. IV 



length of OD, the perpendicular from the origin to the line AB, 
and if we also know the angle a between OX and OD then we can 
draw AB. 

VI. Find the equation to a straight 
line at a distance of p units from 
the origin y and such that the angle 
between OX and OD, the perpendicular 
from 0, is a. 

Let the straight lino cut the axes 
at A and B, and let P - (x, y) be any point on it. Join OP. 

Then XOD — a, and ODA = 90° - DOB = a 

Now ^0PB + A0PA = i:^0AB, 

X ■ OB + y ■ 0A=p ■ AB, 

OB OA 
■-■^■AB + y-AB^P’ 

.'. X cos a + y sin a — p. 

This is known as the “ perpendicular form ” of the equation 
to a straight line. 

Example 1. — Find analytically the intercepts made by the line 
X cos a+y sin a ~p on the axes. 

'P P 

When v-0 then x= - , and when x — 0 then «= ■ ^ ■ 

008 a sin o 

• OA = ^ and OB— as the fieure shows, 
cos a sin a 

Example 2. — Find the equation and gradient of OD. 

The equation to AB being xcos a+i/ sin o=j), that of a line 
through the origin perpendicular to it is x sin a, -y cos a = 0 
(Chap. III. Art. III.). The equation to OD is therefore 
y cos a = x sin a or y = x tan o. 

This last form shows that the gradient is tan a. 
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Exampi/B 3 . — Find the stze of XOD for Ihe hue 2^+5y+3=-0. 

(1) The htie makes negative mtercopts on the axes, and therefore 
lies as shown in the figure. 

The equation to the line as given is 
2a:+5ji 1-3 — 0, 
and in perpendicular form is 
a: cos a-)-,v sm a p. 

Equating the lengths of the mtci- 
ccpts on the axes as doiived fiom 
these two forms we have 

coL - ■^•^-‘“‘^'■eept). 



Ui\ide 


^ ('/ intercept), 

sin a 5 

sin a _ .5 

■ cos a 2’ 


tan a - 2 5, 

.-. a -68° 12' or 248° 12'. 

Now the figure shows us that XOD is between 180° and 270°, 
XOD 248° 12'. 


(2) Alternative Method. —The equation to OD is Its 

gradient is therefore 2 fi, so that its slojie f 68° 12'. 

To obtain XOD wi' must add 180° to ^ (mi' figure). 

.-. AOi) = 248° 12' or. before. 


VI. MISCELLANEOUS EXAMPLES 


ExAMPnB 1 . — From a pond P=(n, b) perpend inihirs PA and PB 
are drawn to the axes Find the distance 
of P from the diagonal AB of the rectangle 
OAPB. 

The equation to AB is 


Y 

B 

Q 

b) 

? 

0 

A 


X y 

b 


1 , 


bx+ay - tt6 — 0. 

The distance of P^ (a, b) from this line is 
ab+ab-ab ab 

We note that for the distance of O from AB we have 


% 


Pq = 


- oil 
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CHAP. IV 


The difierenoe of sign in these results is due to the fact that O and 
P are on different sides of AB. 

ExAMPiiE 2. — In the figure to last example L is the mid-poird of 
AB, IjQ is perpendicular to AB, PQ is perpendicular to LQ, and PK 
is perpendicular to AB. Find the area of the rectangle KLQP. 

The equation to AB is 


The equation to the line LQ which is perpendicular to it is of the 
form 

= k (Chap. Til. Art. III.). 

But ( 2 ’ 2 ) 

a h 
2b~2a^^’ 

.r y a h 
' ' h a 26 2a’ 

.-. 2ax -2by - a^+IF -0. 

The length of the jierpendicular from P== (a, 6) to this line 
_ 2 a 2 - 262 -a 2 + 62 _ (P-IA 


Hence we have PK - , (Ex. 1 ), and PC - „ , 

Va“+6" ^\/n"i-6“ 

.-. Area of roctaiigle KLQP - PK ■ PQ, 
_ab{a^ - 6 -) 

“ 2(SHW . 


Example 3. — From any point P on the base AC of an isosceles 
triangle ABO perpendiculars PM and PN are 
drawn to the sides AB and BC. Prove 
PM +PN == constant. 

Take AC as axis of * and its right bisector as 
axis of y. 

Let A 6' — 2a and OP = 6. 

.-. A = {a,o), B=(o, b), and C=( - a, 0 ). 

The equation to AB is 



^+^ = 1 or -bx-ay+ab-0 . . (1). 

The equation to BC is 

or bx-ay+ab = 0 . . (2). 
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We write the equations to the sides of the triangle in these forms 
because we note that P is on the same side of both linos as O, so that 
the signs of the perpendiculars from O to BA and BC being now 
plus, those of the perpendiculars from P will also be positive. 

Let P= (a:', o). 


■.PM- = and PN = , 


PW^ PM 


2ab 

\/a^+lA 


— constant. 


RESUME 

1. The expression Ix + my + n is positive or negative accord- 
ing to which side of the line lx+mt/ + n—0 the point (x, y) lies. 

2. The length of the perpendicular from the point {x’, if) 
to the Ime lz + my + n = 0 is given hy 

_ lx' + my' + n 
^ + m? 

The sign of p will therefore be that of the expression 

lx' Amy' + rt. 

3. The equation to a hne whose distance OD from the origin 

IS p units, and is such that XOD = a is 

X cos a + y sin a = 7 ?. 

This form is known as “ Perpendicular Form." 

EXAMPLES 

1. Are the points (2, 5) and (-3,4) on the same or opposite 

sides of the lino 4a; - 6?/ = 7 ? 

2. Classify the following points relative to the line 3r = 2y - 5. 

(1,0), (2, 7), (-4, -1), (3, -5), (0,8). 

3. Find the length of the perpendicular, 

(1) from (2, 1) to the line 4a:+3i/ + 5 = 0 ; 

(2) from ( - 3, 4) to the line 2x - 5y = 7 ; 

(3) from (0,-2) to the line v = -5a:+3 ; 

(4) from (6, - 6) to the line ^ “ 2 ~ ^ ’ 

(5) from (5, 12) to the line 3x = 1y. 


G 
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CHAP. IV 


4. From the point <7= (4, 4) perpendiculara CA ajid C£ are 
drawn to the axes. O is joined to D the mid-point of AC. Find 
the length of the perpendicular from B to OA 

5. Points B and B' are taken on the v-axis so that B= (0, 4) and 
B' = {0, - 4). Through B' a line of gradient J is drawn, and through 
B a perpendicular BD is drawn to this line. Find the aiea of A BOB', 
by obtaming the lengths oi BD and B'D from the perpendicular 
formula. Venfy the result by finding the distance of D from Y Y'. 

6. OAOB 18 a square such that 6'=x(c, c). 

A parallel is drawn through O to the diagonal AB. 

Perpendiculars are drawn from A and B to this parallel, so forming 
a rectangle. 

Provo analytically that the rectangle is equal in area to the 
square. 

7. OACB is a rectangle such that 6'~(.'i, 3). 

From B a perpendicular is drawn to 0 ( '. 

Perpendiculars are drawn fiom A to this lino and to OC. 

Find the area of the rectangle so foi med. 

8. Find tho area of the rectangle of last examjile if C=(n, b). 

9. A point P moves at a distance of 3 units from the line 4x J 3y - 5 
and on the side remote from O. Find its locus and draw it. 


10. A pomt moves at a distance of umts from the line .r + y =-6. 
Prove that it can ho on either of two straight lines. 

11. Fmd the area of the tnangle whose vertices are tho origin 
and the points (2, 5) and (6, 3). 

12. Find the area of the triangle whose vertices are at the points 
A = (6, 0), B=(0, 2). and C'=(3, 4). 

{Hint . — Take the equation to AB in intercept form.) 

13. Find the area of the triangle whose vertices are As(l, 1), 
P=(6, 2), and C=(3, 5). 

Venfy the result by the method of Chap. I. 

{Hint . — Find the equation to AB as in t'hap. 11. Art. VI. Ex. 1.) 

14. Write down the equations to tho bisectors of the angles 
between the following pairs of lines : 


/I \/2ir -f-5y+3 — 0. 
' HSa:- y-f4=0. 



3^2 

y = fr-)-4. 


'■*^l3a:-f4y=0. 


Praw the system of No. 2 on squared paper. 
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15 is a tnangle such that A = (4:, 0) and A=(0, 3). Work 
out the equations to the bisootois of the angles OAB and OBA. 

Show that they intersect on the bisector of XO Y 

16 Pind the angle between OX and the })erpendicular from O 
to the line 2a: + 5y- 10. 

17. Fiom the point 0~(6, -4) poipendiculais C/l and Cfiare 
drawn to the axes. OD is drawn peipendicular to AB Find the 
size of the angle a as regards the luic AB. (See 3 of Resume.) 

18. With centre O and a radius of 2 units describe a circle 

Draw a radius OP such that the .ingle XOP 50“ 

Draw the tangent at P and wite down its equation in perpendi- 
cular form. 

19. ABCD IS a square. E is any point in B( . 

BF and DO arc perpendiculars to AK Prove BF . 1X1 BE ; AB. 

20 ^POD is a rectangle A is any i>oint on PO Tliiough D a 
paiallel is drawn to AE, and to it A<l and EF are iieipendiculars. 
Prove that the area of th< k i tangle AEFG is constant 

21. A straight lini' cuts tin axis at .4 = (/), o) and B = {/>, h) 

A square ABl'D is desciibed on AB so as lo be turned away fiom 
0 Prove analytically that the distance of its centre E from AB is 

2 

(Note. — E IS the mid point of AC oi BD ) 

22 ABCD IS a srpiare whose sides arc of unit length 

A varialilo line thiough C cuts AB at P and 4D at Q. 

Prove that the length of the peipendicular fioin A to PQ is 

AP+A<? 

PQ ■ 

23. Prove the theorem of Art. I as follows : — 

(a) Draw the quadiilateial OLPM as in Art. II. placing P 

(1) on the side of Ec pwi/d ?i- 0 i emote from 0, and 

(2) on the same side of the line as 0. 

(b) Take Q at a convenient point on the line, and consider 

the difference of the quadi ilaterals OLPM and OLQM. 

24. Find the length of OD, the perpendicular from O to thq 1 ne 
lx+niy+n = 0 by constructing the quadrilateral OLDM and obtain- 
ing its area in two ways. 



CHAPTER V 

EQUATION TO A CHICLE WHOSE CENTRE IS THE ORIGIN : 
INTERSECTION OF A STRAIGHT LINE ANU A CIRCLE 

Definition,^ — A circle is a plane figure enclosed by a line 
called its circumference, all points on the latter being equidistant 
from a certain internal point called the centre. 


I. Find the locus of a point which moves at a distance of a 


®,l 

Y' 

c 

2 

units from the origin. 

bet P = (x, y) be a point such 
\ that OP = a. 

i lA X „ . 

1 


N J 

[0 

1 Liraw rjy perpendicular to aa . 

Then ON^ + NP^^OP^, 

.'. T^ + g^ = a^. 


The locus of P is the graph of this equation, which is there- 
fore the circle with centre 0 and radius of a units. 


Remarks . — If the length of a be varied, the result will be 
a system of concentric circles. If w'e continuously decrease 
the radius, then the circles will become smaller and smaller, 
till with a very fine pair of compasses we should 
have a mere speck. Hence ultimately, when 
a = 0 we arrive at a point, namely the origin. 

A degenerate circle of this kind is called a point 
circle. We say, therefore, that x®-(-?/* = 0 is a 
point circle at the origin. (See adjoined figure.) 

Again, we can write the equation + as follows, 

.'.y= ± ,ya* - as®. 

B4 
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This shows that when any value is assigned to x there are 
two corresponding values oi.y, which are numerically equal, 
but have opposite signs. The two points obtained therefrom 
lie on either side of the as-axis and at equal distances from it, 
one directly above the other. Further, x can never be numeric- 
ally greater than a, for then a* - x* would be negative, and there 
is no real square root to a negative number. Similar remarks 
will apply when x and y are interchanged in the discussion. 


Example 1. — Draw the graph of x^ -\ if -4. 

Comparing with the equation x^-\-if - a-, we see that the equation 
is that of a circle whose centre is O. 

In this case a® = 4, ao that the radius of the circle is 2 units. 

We have !, - ± ,,,'4 - xK 


Note that when x>2 say 3, then y~± f -5, which arc unreal 
numbers. ^ ^ ^ ^ 

i/,j 0 1 1-73] 2 I 1-73 I 0 1 
y, 1 0| -1-7'3| -2 1 -l-73r0| 

In the graph observe the relative positions of the points (1, 1'73) 
and (1, - C73). 
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Example 2. — Describe the graph of the equation = 

Let P={x, 5/) be a point on the locus, then 

= 5 OP=\y5. 

The graph is a circle whose centre is O and radius or 2-24 
units (appiox.). 


Example 3. — Two variahte straight lines AP and BP pass through 
two fixed points A and B, and are at right angles to one anoihe, . Find 
the locus of P. 

Take AB as axis of x and its right bisector as axis of ij. 


Let A = {a, o) and B=( - a, o). 
Let P=(r\ y’). 



Tlie gradient 
of AP lb 

The gradient 
of BP IS 



Chap. III. 


But the lines AP and BP are 
at right angles, therefore the 
product of their gr.s hents is - 1 
(Chap. 111.). 

V ~ - 1 . 

-(o + a ) (ti - a: ) 
y'- a--x'\ 


.-. x'‘- I 7/'^ a- (a oonstnnt). 


The locus of P^{r', y') is the graph of the equation x-Ay'^ — a.^i 
a circle with centre 0 and radius of a imits. 


Example 4. — A point moves so that the sum of the squares of its 
distances from two fixed points 10 units apart is always 62 sq. units. 
Find I's locus. 

Let the fixed points he A and B (see last figure) such that AB =10 
units. 

Take the same axes as in last example. 

Then ^ = (5, 0) and if = ( - d, 0). 

Let P = (x', y'). 

Now AP^ -~{x' - 5)^+y'^ (Chap. I.), 

and BP^-={x' A 0)^A-y'’‘. 

But AP‘+BP^ = 02, 

.-. {x' -5f+y'^+{x'+5)'‘+v'^ = G2, 
x'^+y'^ = 6. 

The locus of P={x', y') is the circle whose equation is x^+jp = 6. 

The centre is 0 and the radius is ^6 units, or approx. 2-46 units. 
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II. The circle *® + «/* = a* divides the plane of the axes into 
two regions, such that the expression x^ + g^~a^ has opjiosite 
signs for points within and points with- 
out the circle. 

Let P = [x', y') be a point in the 
plane of the circle. 

Then x'^ + y'^^Opi. 

Now if P is within the circle OP is 
less than the radius, and if P is without 
the circle OP is greater than the radius. 

Hence + y'^ - a* = OP* ~ a* is negative if P is inside, and 
positive if P is outside the circle. 

As 0 is a point within the circle we can compare the result 
of substituting the co-ordinates of the origin in the expression 
x*-t-i/*-a*, with that obtained on substituting those of any 
point in question. 


Y 



A ' 

7 

7 X 


Example. — . 4re the points (2, 1) and (5, - 3) within or without the 
circle if - 6 ? 

(i.) When a: = 0 and 1/-0 then C- -0. 

(ii.) When x- 2 and y=l then - 6 - - 1. 

(iii. ) When r - 5 and j/ = 3 then x* -j- - 6 - 28. 

Hence (2, 1) i.s inside and (5, -3) outside the circle, since the 
origin is within. 


III. Intersections of a straight line and a circle. 

Example 1. — By drawing the circle x^-t-y'^ — 5 (i.e., ^ — ±/^5-x*) 
and the straight line x ‘ y - 'i (i.e., y~3- x) find where they intersect. 


2/=±\/5-x2. - 

y = 3-x. 


_ 2 
'±T 


1-5 


1 


0 


1 


1-5 


±1-66 I ±2 I ±2-24 I ±2 I ±1-66 


-3 I -2 I -1 I 0 I 1 


4131211107 


2 | 
±1 I 


We see that the straight line and circle intersect at the points 
(1, 2) and (2, 1). (Diagram 2 ) 

Those points must therefore appear in the graph table of each, 
as on inspection we find they do. 

Hence the co-ordinates of the points of intersection of the straight 
line and the circle, are the values of x and y which satisfy both their 
equations. 
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Veriflcaiicm by solving the equations 

= 5 .... ( 1 ), 

and X -ry =3 . . . . (2). 

From (2) we have y = Z-x. 

Substitute this value of y in (1). 

5, 

x^-Sx-^ 2-0, 

.-. (a; - 1) (i -2) = 0. 
x=l or 2. 

i/ = 2 or 1 (using equation 2). 



Biaoram 2. 


Example 2. — By draiving the graphs of their equations, find where 
the straight line y-2x+5 cuts the circle 3? f y“ = 5. 

The circle was drawn for last example. (See Diagram 2.) 

x| -31_-2| -1|0|112| 
y|-l|+l| 3ir, |7191 
This straight liiio is shown in the same diagram. 


2/ = 2x+5, 
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We see that the straight line is the tangent to the circle at the 
point ( - 2, 1). This point appears in the graph chart of both the 
straight line and the circle. 

Verification by solving their eqtiaiions : — 

As before the co-ordinates of their points of intersection will be 
the values of x and y which satisfy both their equations. 

Solve then the equations 

x^-+y^^r> .... (1), 

n,ndy — 2xrCi . . . ( 2 ). 

Substitute in (1) the value of y in (2). 

a? 

.-. (x-r‘2r--0. 

Thus both values of x are equal, being each - 2. 

Equation (2) gives the corresponding values of y as each + 1. 

The straight line therefore cuts the circle in two points co- 
incident with ( -2, 1). This is in conformity with the geometrical 
definition of a tangent. 


Example 3. — Find by drawing them, where, the straight line 
y- -3x + S cuts the circle of last two examples. 


y = ~ 3r-t-8. 


.r 1 - 2X.- 1 1 0 1 1 1 2 I 

y\ J4| ll(8(o|2( 


(See Diagram 2.) 


The straight line does not cut the circle. 

Verification by solving their egnations : — 

As before we obtain then- [loiiits of intersection by solving the 
equations 

l-ir-f) .... (1), 

and 1 / - 3x 1 8 . . . . (2). 

Substitute from (2) in (1) 

.-. h{~3x-l 

.-. 10x2-48x4 39 -0, 


48±N/-f>6 
• 20 

Now v” ~ 39 is unreal, therefore the roots of the equation 
10x2 - 48x -1-59 = 0 aje imaginary. 

The two graphs have therefore no common points in the ordinary 
geometrical sense, but to preserve continuity of statement we say 
that the straight line cuts the circle in two imaginary points, which 
is the geometrical equivalent of the statement that the roots of the 
equation 10x2 _ 48x4-59 = 0 are unreal. 

(Summarising the results of these three examples we conclude 
that a straight line cuts a circle in two points real (Example 1), 
coincident (Example 2), or imaginary (Example 3). 
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IV, A straight line cuts a circle in two foints, real, coincident, 
or imaginary. 

Let the equation to the circle be 

+ .... ( 1 )^ 
and that of the straight line be 

y = 7)ix + b . . . . (2). 

Their points of intersection will be obtained by solving their 
equations, just as in the case of two straight lines. 

Substitute from (2) in (1) for y, 

+ (nix + 6 )* =- 

. . a^ + ni^j^ + 2bmx + h^ = a^, 

.'. ({ +m^)x^ + 2hmx + (h^ -a^)=^0 . . (3). 

This is a quadratic equation giving the abscissae of the 
points of intersection. 

The corresponding values of the ordinates are found by 
substituting in equation (2) the values of r found in (3). 

There are therefore two points of intersection corresponding 
to the two values of x found in equation (3). 

As the two roots of equation (3) may be real, coincident, or 
imaginary, it follows that the two points of intersection may 
be real, coincident (tangent), or imaginary. 


Exampi.e 1. — Find where Ike straight tine + cuts the 

circle 30. 

We solve the equations 

*-+«/^ = 30 . . • (1), 

and3x+4y-12 . . . (2). 

12 - 

Write (2) thus y= ^ ■ 

Then substitute for y in (1) 


lo 


Whence 25x^ - 72x - 236 = 0. 

.-. x = 4-80 or - 1-92 (approx. ) 

By (2) y=~ ’60 or 4-44 (approx.). 

The points of intersection are (4-80, - -60) and ( - 1-92, 4-44) 
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Example 2. — Prove tluU the straight line 2x-5y=2Q touches the 
circle x^-\-y^ = 29. 

We must show that the two solutions to the equations 

a:2+^>‘ = 29 .... (1), 

and 2* - 5j/ = 2!) . . . (2), 

are coincident. 

For variety we shall eliminate r. 


Write (2) thus 
ISubstituto for x in (1) 


5i/ + 29 




Whence on simplifying and dividing out 29 wc have 
y- \ lOy )-2.5-0. 

Thu.s the ordinates of both points of intersection are - 5. 

From equation (2) the abscissae oi both the points are 2. 

The straight line therefoie cuts the oirole in two jioints coincident 
with (2, - 5), or in othei words is the tangent there. 


V. If P^{x, y) IS a point on the rticJe a^ + y^ — u^ then 
x-a cos 0 and y = a sin 0 where O-XOP. 

Prom the figure we have 
ON -~0P cos d and NP = OP sin 0, 
x = a cos 0 and ?/ = asin 0. 

Note. — a cos 0 and a .sin f> arc 
usually called the jiolar co-ordinates 
of P. The angle t) is called a vec- 
torial angle. 

Example 1. — Find the polar co-ordnicile.<i of the point y ( - 1-6, 1-2) 
on the circle i y'‘ = ‘l (see last figure). 

We have tan 6 - tan XOQ - " py ^ 

.■.a- 143'’ 8'. 

But r^2. 

0=-(2 cos 143° 8', 2 sin 143° 8'). 



Example 2. — Atiy diameter l‘Q of the rircle = 9 is drawn. 

From its ends perpendiculars are drawn to the line 'ix-\2y-\-\2 = 0. 
Prove that their sum is constant. 

Let ZOP = fl. 

» P=(3 cos d, 3 sin 0) and p=( - 3 cos 0,-3 sin 0). 
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If and Pi be the lengths of the 
perpendiculars, then 

9 cos 0+6 sin 0 + 12 
Px= - ir., (Chap. IV.), 


and Pi - 


Jl3 

■ 9 COB 0 - 6 sin 0+12 


24 

tions of PQ. 


+ 13 


-constant for all posi- 


YI. The following properties of quadratic equations will be 
used hereafter. 

If and Xj are the roots of the equation 
at? + hx + c = 0, 

then (1) Xi + X 2 = 
c 

and (2) 


If the roots are equal, then 

(3) i^ = iae. 


Example \.~The slraigU line i/^x+l cuts the circle x^+?/“ = 6 
in two points P and Q. Perpendiculars PM and QN are drawn from 
P and Q to XX'. Prove that OM-ON 2-5. 


The straight lino y-x \ I cuts the eircle x- f ?y-- 6 in two points 
whose abscissae are given by the 
equation 

xH{x + l)2 = 6. 

.-. 2x“+2x-0=--0. 

Let Xi and Xj bo tlic roots of 
this equation. 


Then 




(Property (2) quoted above.) 
Hence OM ON ^2-5. 




k 1 


\ 

\\ / ' 


1 — 


Example 2. — In last example find the mid-point of P(^. 

Let P^ixi, yfj, Q^{Xi, yfl, and the mid-point Ji={x\ y'). 

Then and = (Chap. L). 

Now the abscissae of P and Q are obtained from the equation 
2x* + 2x - 5 - 0 of last example. 
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By property (1) of quadratic equations we have 

X^+X2= - 1 . 

. . a: _ 2 - - 

V\'o can find y' by eliminating x between the two equations, and 
going through work similar to that for obtaining x' ; or we may use 
the fact that (x', y') hes on the line PQ. Henco from its equation 
y=x+l we have when a;= - V, y—i. 

The mid-point therefore it. ( - I, t). 

Example 3.— Ei«d the co-orilinales of the oiid-jioinl of the chord 
cvl off from the straight line y~mx-t b by the circle y^ — a^. 

Let f-’=(ri, yf) and y.f) be the extremities of the chord. 

Let It = (x', y') be the mid-pomt of PQ. 

By eliminating y between the two equations we obtain a quadratic, 
giving the abscissae of P and Q the joints of intciscotion of the line 
and the circle. 

We have j (mx b)- uK 

Whence (H iir)x‘ 1 2hmx 1 (b- a-)- 0. (See Art. IV.) 

Now Xj and Xj are the roots of this equation 

.-. Xj+Xj= - j ^-™2 (Property (1) of quadratic equations.) 

, X, -f x„ bm 


But (x'l y') lies on the line y-mx+b. 

y'~inx'+h. 
bm'^ 


y 


\+ni- 

b 

" 1 -r 


0 + 6 . 


.-. U~ 


{ 


bm b \ 
l-hm*’ l-l m^)' 


VII. MISCELLANEOUS EXAMPLES 

Example 1. — A and B are two fixed points such that AB = 6 units. 
PN is perpendicular to AB. P moves so that PN^ — AN-NB, Find 
the locus of P. 

Take AB as axis of x and its right bisector as axis of y. Then 
^(3, 0) and B={ - 3, 0). 
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Let P={x, y). 

Since PN^ = AN-NB. 

Pm = (PA - ON) (OB+ON) 

= OA^ - ON^ (since OB ^ OA). 

1 /^ = 9 - jA. 
x^ + y^ --9. 

Tim locus of P is a circle with centre O and 
a radius of 3 units. 


Example 2. — A variable line of conslatil length c units cuts the 
axes at P and Q. Find the locus of the mid-point of PQ. 

Let P=(p, o), Qi=(o, q), and It the mid-point of PQ^{x, y). 


Then 

That is, 
But 


1 = 2 a^nd 
p 2x and q = 2;/. 

or- I OQ- PQ-, 

p- 

4x= I 4/ f “. 




The locus of if is a circh* wlioso centre is O and whose radi>is is 
^ units in length. 

A 

Example 3 . — A circle having O as centre is described so as to touch 
the straight line y— 3. Find the length of Us radius. 

Let the length of the radius bo r units. 

(i.) Then the equation to the circle wdl he x'^-\ /f — r'‘. 

The straight line y — hx-t-'.i cuts the circle at two points whose 
abscissae are given by the equation 

a-"+(ta:-t-3)2-r”. 

whence 5r‘-\-l2x-i (36 -4r^)- h. 

Now the roots of thi-s equation are equal since the line touches 
the circle, therefore by Article VI., Property 3 of quadratic equations, 
we have 

144 20(36 - 4t^). 

.-. r2 = 7-^ 

• »•= .^'' 7-2 

= 2-68 nearly. 

(ii.) We could also proceed thus. The perpendicular from the 
centre of a circle to a tangent is the radius to the point of contact. 

3 6 

before. (See Chap. IV.) 
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Example 4. — Prove thai two tangents of gradient f can be drawn 
to the circle x^+j/® = 6. 

Let the equation to any tangent of gradient t bo 
y=^x+b (Chap. Iff.). 

Then the hue y — ^x-\ h cuts the circle at points whose abscissae 
are given hy x- + {%x + bY ~ 6. 

. r® a + (hi -G-0. 

13x-| 12te+9(A--6)-0. 

But the line is a tangent, thcrcloie the loots of this equation are 
equal. 

.- 1446^ = 468(6^ -fi) (Art. V ) 


Hence 6 may have one of two values or - 

O ij 

( \/7H\ / \/78' 

o, I g / V’ ~ 3 

having a gradient , lull touch the gnen cikIc. 

2 ''7S 

Their equations aie y 3 ' * ’ 


2 

a,n(\y~.^r- . 


Example 5 -Pnne that tiio laniients can he dtawn to the circle 
x'^ + y^- 4 Ihroiigh Ike point (.'>, 3), and find then dopo 

Lot the equation to any t.uigent through the point (5, 3) bo 

y - mx 1 6. 

• 3 3i«+6 . (1). 

To find the iioint of contact we solve the equations 
x" I/- 4 
and ?/- mx-ph. 

VVe have r" (/«c+6)- 4. 

•. (1 1 ini)x2 1 26/na: t (6^ - 4) 0. 

The roots must be equal 

.-. 46^m® = 4(I 1 )»®)(6®-4). 

Divide out 4 and simplify. 

.-. 4»j=-6®+4 = 0. 

But by (1) 6 = 3 - 5m. 

, ■. 4?»^ - (3-5m)*+4 = 0. 

.-. 21m’* - 30 to+5 = 0. 

» • m= 1-2359 or -1926 (approx.). 
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These are the possible gradients of the tangent. 

!Proin this we see that we can draw two tangents to the circle 
through the point (6, 3). 

The gradient of one is 1'2369 and of the other -lOiO. 

Hence we have tan ^ = 1'2369 or •1926. 

The slopes of the tangents are 51° 1' and 10° 54'. 


Example 6. — Find the locus of the mid-points of a system of parallel 

chords of a circle. x . * .u 

Let the equation to the 

circle be 

x‘-\-i/ = a^. 

Since the chords of the circle 
are parallel they will all have 
the same gradient. 

Lot it be k. 

Let li=(x', y') be the mid- 
point of any chord of the 
system FQ whose equation will 
therefore bo 

!/-=/« 1 q. 



Now we .showed in Art. VI., Example 3, that the mid-point of 

(“l+Kr+F)’ 

Hence " 1 


Between these two e.xpressions wc can elirainatB g, a variable 
depending on which chord of the system is drawn. 


We have 


1 

k ~ i+jfc*’ 


x' 

The locus of R=(a:', y') i.s the straight line through the origin 
which is the graph of the equation y= 

It is perpendicular to the system of chords, whose gradient is k 
since - , = - 1 (Chap. HI.). 


Example 7. — If from the centre of a circle a perpendicular be drau 
to a chord, it bisects the chord. 

Take the circle and chord PQ of last example. 

Then as before 


qk q 
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Since the equation to PQ is y = lcxPq, that of the line through O 
perpendicular to it is y ^ j:. 

Solve these equations to find the point of intersection. 

I 


Wo have 


- 1 x = kxp q. 
qh 

1 1 r-‘ 



1 , l.- 

The point of intersection « ( - j i 1"^-“)’ f^he 

mid-point if. 

Example 8. — Fin/i the locus of the inlerxerlion of tangents to n 
circle which ore at right uagla to one another. 

Let PQ and PR be perpeudicul.ir tangents to 
the circle x'^ \-iJ~ ~ a-- 

Let P^{x', y'). 

Let (j — mx \-i bo the equation to one of the 
tangents. 

y' — mx' 1 6 . . (1). 

Solving the equations X" |-p- - it" and;/ tiix-{-l> 
in order to find the intensoctioiis of the line and circle wo have, as 
in Article IV., 

(1 rrn-)j- t 2liiiu | (6"-ii-)— (I 

The roots of tins equation are equal .since the line i.s a tangent, 

.-. 4fi“/n''‘ = 4(l +m^) (Ir-a^) (Art. VI.). 

Divide out 4 and simplify. 

. •. h^- d- - a-nP — 0 . 

But by (1) b = y' - mx'. 

nix')" - - iPm" (I 

Whence [x'" -a^ym" -'Zmx !)’ .\-{y'^ . . (2). 

This equation gives the gradients nii and of the two tangents 
drawn from P to the circle (compare Example 4), and since these 
are at right angles 

.-. mim^= - 1 (Chap. III.). 

But the equation (2) gives 

«'* - a® 

t miOT 2 = (Art. VI.). 


H 
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.•. x'^ fy'* = 2a“. 
The locus of P is the circle a^+^* = 2a^. 


RESUME 

1. The equation x^ + y^ = a^ represents a circle whose centre 
is 0 and whose radius is a units. 

Corollary . — x® + 2 /^ = 0 is the equation to a point circle at 
the origin. 

2. The expression x^ + y^-a^ is negative for points within, 
and positive for points without the circle x^ + y^ = a*. 

3. To obtain the intersections of a line and a circle, solve 
their equations. 

4. If the solutions are coincident the line is a tangent. 

5. x = a cos 0 and y = a sin 0 are the polar co-ordinates of 
a point P on the circle x^ + y^ = a®, where 6 = XOP. This angle 
is called the vectorial angle of the point P. 

6. If Zj and Zj are the roots of the quadratic equation 

az*-i*6z + c=0, 

then (1) *i-t-X 2 =-^, 

( 2 ) * 1*2 = ^. 

If the roots are equal, then 

(3) 6* = 4ac. 

EXAMPLES 

1. Write down the equations to the circles whose centres are the 
origin and radii 1, 3, and 7 units respectively. 

2. What is the length of the radius of the circle = 16 1 

3. Draw the circle whose equation is x*-l-y* = 13. 

4. Calculate to two places of decimals the radius of the circle 

6x»-f63/*=22. 
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5. AB is a fixed straight line 6 units in length. P is a variable 
point such that PA^+P^=AB^. Knd its locus. 

6. A variable straight Une outs the axes at P and Q so that PQ is 
always 10 units in length. Find the locus of the mid-point of PQ. 
(See Art, VII. Ex. 2.) 

7. Where does the straight line y = 2x ]- 1 cut the circle = 10 ? 

Verify the results graphically. 

8. Prove that the line y = 3a: - 10 touches the circle of iast example 
at the point (3, - 1). Show this on squared paper. 

9. Provo that the line 2a:-|-3y=13 touches the circle 
at the point (2, 3). Show this graphically. 

Provo also that the line through the centre perpendicular to the 
given one passes through the point of contact. 

10. Find the mid-point of the chord cut off from the line x — 2y -4, 
by the circle x^ --15. 

11. Findthemid-pointof the chord cut off by the circle , 1 :®-!-?/“= 36 
from the line Sa:-f-2y = 10. Verify the result by graphs. 

12. Prove that the lino 4a;-f-3y — 24 does not cut the circle 
x^+y^ = i. Draw the graphs. 

13. The straight lino x = 2y+c touches the circle x’‘+y^ = 5. 
What values can c have ? 

14. Find the slopes of the tangents drawn from the point (0, 4) 
to the circle x^-\-y^ = Q. 

16. Prove that two tangents can bo drawn from a point P to a 
circle. 

{Hint . — Take the diameter through P as axis of y.) 

16. A and B are fixed points 10 units apart. P is a variable point 
such that PA is perpendicular to PB. Find the locus of P. (See 
Ex. 3 Art. I.) 

17. A circle of variable radius and given centre 0 outs the axes 
at P and Q. Prove that the locus of the mid-point of PQ is a line 
through O. 

18. A circle having the origin as centre touches the line 
a;-3y+6 = 0. Find its radius. (Art. VII. Ex. 3.) 

19. Find the radii of the circles whose centres are at 0 and 
which touch (i.) the line y = mx+b and (ii.) the line lx-\-my+n — 0. 

20. From a variable point P perpendiculars PN and PM are 
drawn to the axes. If the diagonal MN of the rectangle ONPM is 
always 4 units in length, prove that the locus of P is a circle with 0 
as centre. 

21. A point moves so that the square of the sum of its co-ordinates 
is eqfial to a given square plus twice the rectangle contained by its 
co-ordinates. Find its locus. 
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22. A point moves so that the square of the difference of its 
co-ordinates plus twice the rectangle contained by them is equal to 
a given square. Find its locus. 

23. A variable straight line cuts the axes at P and Q so that PQ 
is always 6 units in length. If the area of A OPQ is 2 sq. units, 
prove that the locus of the foot of the perpendicular from 0 to PQ 
is a circle. 

(Hint. — Work out the length of the perpendicular from 0 to PQ.) 

24. P is a point on the circle | y® = 9 such that XOP = 48°. 
Express the co-ordinates of P in polar form. (Art. V. ) 

25. Show that the point (3, 4) lies on the circle x®-fy- = 25, and 
express the co-ordinates in polar form. 

26. Show that the point ( - 15, 8) lies on the circle a;“-f y“=289, 
and express the co-ordinates in polsr form. 

27. Prove that the point (o cos 6, a .sin ft) lies on the oirolu 
x‘ + y^ = a^ for all values eff 6. 

28. P is any point on the circumference of a circle whose diameter 
is AB. Q and R are the mid- points of PA and PB respectively. 
Find the locus of 8, the mid-point of QR, taking .-1 B 2n ami oxpre.ss- 
ing the oo-ordinates of P in ])olar form. 

29. Any diameter of tlio circle ry^ — n" is taken and from its 
ends perpeiidioulat'S are drawn to the line l.v i-wy + n -0. Provo 
that their sum is constant. (Art. V. Ex. 2.) 

30. Find the locus of the mid-points of a system of parallel 
chords of the circle x'-fy’®-- 5, the slope being 135°. (Art. VI 1. Ex. 6.) 

31. A system of chords of the circle + has a gradient of 

3 

.. Find the locus of their mid-points. 

32. From the centre of the circle x“ 1 y- -6 a perpendicular is 
drawn to the chord i-f3y = i0. Provo that the chord is bisected. 
(Art. VII. Ex. 7.) 

33. The mid-point of the chord cut off from the line 3x-f5y= 6 

by the circle — i is joined to the centre. Prove that the join 

is perpendicular to the chord. 

34. Find the locus of the intersections of tangents to the circle 
— 25 which are at right angles to one another. (Art. VII. Ex. 8. ) 

35. Prove that if the straight line y^mx+b touches the circle 
= then its equation can be written in the form 

y = OTx±o ^'1 -Pot*. 

Use the result to find the slopes of the tangents drawn from the 
point (3, 5) to the circle a;*-py*=4. Verify the results by an accurate 
i^ure. (Art. VII. Ex. 5.) 
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36. AB is a given straight line whose mid-point is 0. N is taken 
on OA so that ON — iOA. A semicircle is described on AB having 
C as its highest point. A perpendicular is drawn to AB at N and 
meets BC at P. Prove that the circumference bisects NP. 

37. A and B are two fixed points. A variable point P moves so 
that PA^+PB^ is constant. Prove that the locus of P is a circle. 

38. Through a given point B any two chords of a circle, at right 
angles to one another, are drawn. P and Q are the iiud-points of 
the chords. Prove that the mid-point of PQ is fixed. 

(Hint . — Take B on the y-axis.) 

39. The point (1, - 4) lies on a circle having O as centre. What 
is the equation to the ciiclo ? 

40. The point {x^, y^) lies on a ciiele whoso centre is the origin. 
U’hat is the equation to the circle ? 

41. Are the following points within or without the circle 

(I, 1), (2, 3), ( .5, 6). ( -4, -4). (-3. 1), (2, -6). 

42. Find the length of the tangi-nts from 

(1) the point (4, 3) to the circle r--l ip -~i. 

(2) the point (6, 4) to the circle .i- i y- -9. 

(3) the point (0, -7) to the circle .r- h>/' 16. 

(4) the point ( - 5, 8) to the circle y- - 49. 

43. A square ABCJ) is inscribed in a circle. 

P is any point on the circumference. 

Prove that PA” ] PB'‘ = twice the square on the 

diameter. 

44. The gia]ih of ip-{-2gx }-2fy \ c 0 cuts the r-axis at P 
and Q and the y-axis at B and P. I’rove by the help of Art. VI. 
Prop. 2, that P, Q, R and S are coucyclii-. 

45. ABCD is a square. From a v.inable ]iointP perpendiculars 
PK, PL, and PM are drawn to JiC, CD, and DB respectively. If 
PM^ — PK'PL prove that the locus of J’ is a circle with centre A 
and radius AB. 

(Pints. —Obtain the equation to Bl) from “ Inte.rcept Form.” 
Let P— (r', I/') and express PK and J^L in termti oi x , y' and the 
side of the square.) 



CHAPTER VT 

CHOEUS, TANGENTS, AND NOBMALS TO A CIRCLE 

I. Find the gradient of the line joining two yoints (Tj, j/j) and 
(X 2 , j/g) on the circle = a*. 

Let P^(xi, ?/i) and Q = (j. 2 , y^. 

Then the gradient of FQ is 

(Chap.]!].). 

J Xo 

But since P and Q he on the circle, 

and = a^. 

Subtract . . {x^ - x^] + {y-^ - y^) = 0, 

(//l “ //2)(?/l ~{^l~X2){Xj+X2), 

■ _®i + a2 

••ri-Xjj Vi + Vi 

Hence the gradient of the chord PQ is 

^ yi+yz 

Note . — The formula ^ also gives the gradient, but 

that just found has a sjrecial advantage when dealing with the 
tangent, as we shall see. 

Example 1. — Prove that the points (7, 6) and (9, 2) lie on t1u> circle 
g 5 ^ and find the slope of their join. 

(i.) From the equation we have 

when 1 = 7 then j/= ±6, 
when x = 9 then «/= ±2. 
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Hence the points (7, 6) and (9, 2) lie on the circle. 

(ii-) ^“'*'^'2+6”-^ (Art.!.) 

^=116° 74'. 


Example 2. — Find the slope of the line joining the points on the 
circle whose vectorial angles are 20“ and 60°. 

The points are (2 cos 20°, 3 sin 20°) and {3 cos 50°, 3 sin 50°), 


^ 3co3 20°+3co8 50° 

. tan 200 4-3 gin 50° “ 


1-4281 


We shall verify this result by using the formula 


(Art. I.), 


. tan 4 - 


4-1 - JTj 

3 sin 20° - 3 sm .50° 

3 cos 20° - 3 sm 50° 

• •• f - 125° as before. 


1-4281, 


Example 3. — Find the locus of the mid-points of a system of 
parallel chords of the circle Yy~ = aK (See Chap. V. Art. VII. Ex. 6). 

Let H=(Xi, ijj) and (3s(x,, y^) be the extremities of one chord of 
the system, and R = (x\ if) be the mid-point of FQ. 

Let the gradient of the system of parallels bo k. 

Then P__?L±52. 

di-i-yi 

But F - ** ^ and f - 2 (Chap. 1. ), 


. . — — ,y 

y 

, 1 , 

Ot - 

The locus of if=(x', y') is the straight line y= - ^x. It passes 

through O and is perpendicular to the parallels, for k x - - 1. 

Example 4. — The straight line drawn from the centre 0 of a circle 
to the mid-point of a chord PQ is perpendicular to the chord. 

Let the equation to the circle be 

x*-f y* = a®. 

I^t P—{Xi, 2 / 1 ), Q=(x^, yfi and B the mid-point of PQ^{x', y'). 
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Then = = . . .(1). 

The gradient of OB is (Chap. III.). 

The gradient of PQ= (present article) 

Vi+V-i 

= -;:(byi). 

Hence the product of the gradients is - 1 . 

The lines are therefore pcrpendieulnr. 

II. Equation to the tangent at the point j/j) on the 

circle as* + jy® = a*. 

The gradient of the line which passes through two points 

(Xy, yy) and {Xy, y^) on the, circle is, by last article, 

Now if the line is a tangent the j)oints (Jj, i/j) and (a^j, y^) 
are coincident, so that Xfy—Xy and 

2x 

.'. the gradient of the tangent at (a,, y,) - ^ 

-I 

Hence the equation to the tangent is of the foim 

y=-^ia: + h (Chap. UT. Art. VII.). 

But (Xy, ijy) is a point on the tangent. 


:.h^yy + - 


•■•yp 

T 2 

= +6. 

Vi 


yi 

(since {xy, yy) is 

on the circle). 

Xy o* 


y= 

- , 


Vi Vi 


XX^ 

+ yyj=a* 

■ (2). 


This is the equation to the tangent at the point {Xy, yy). 
It is easily recalled, as we have merely to express the equation 
to the circle in full, thus, xx + yy = a\ and then replace one 
X by Xy and one y by yy. 
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Note . — If we had attempted to find the gradient of the 
tangent from the formula we would have failed, as 

^ ^2 Q 

on putting 2/2 =,71 ^nd the expression becomes q, which 

is indeterminate. 


Example 1. — Find the, slope of the tangent at the point (1 fi, 1'2) on 
the circle a^+i/- — 4. 

First we assure ourselves that the point does lie on the circle. 
Wo have when a; = 1-6 and g— 1-2 

(1-6)2 I (l-2f-4. 

The point is thcrcfoie on the circle, 

tan - T3333 (approx.) (by foinmla (1) of this article), 

■ i/'- 126° 52' (nearly). 

Example 2. — Fi>id the equation to the tangent at the point (2, 5) on 
the circle - 29. 

From the equation to the circle we have 
1/2 = 25 when x 2, 

.-. y-±5. 

Honeo the point (2, 5) i.s on the circle. 

The equation to a tangent is 

yiji- 

In this case Xj - 2 ,ind j/i - 5 and =- 29, 

.• 2r I 5y-29 

is the equation icquiicd. 

Example 2,— What is the equation of the tangent to the circle 
ir2 +1/2 13 at the point (3, - 4) ? 

We must as usual test whether the point is really on the circle. 

When x = 3 and »/;= - 4, 

then x2+S/2 = 9 f 16-25. 

Hence the point does not lie on the circle. There can therefore 
be no tangent at the point. 

• Example 4. — Find the equations to the tangents at the points where 
the straight line x = 5 cuts the circle x* = 34, njiH prove that they 
intersect on the x-axis. 

When X = 5 then y* - 9, 

y=±3. 

The straight fine x-5 therefore cuts the circle at the points 
(5, 3^ and (5, - 3). 
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eqaations of the tangente at these points are 
6s +32/ =34, 
and 5s -32/ = 34. 

The solutions of these equations are s = 6-8 and y = 0. 

Hence the tangents intersect on the s-axis at the point (6' 8, 0). 


Example 6. — The tangent at a point P on the circle x^ + y‘ = a‘ cuts 
XX' at A. N is the foot of the ordinate of P. 

Prove that OA ON = OP^. 



Let P=(Xi, 2/i). 


Then the tangent at P is 

sSi+2/i/j = a®. 

At A, y = 0. The correspond - 
ing value of s, derived from the 
a^ 

equation to the tangent is - • 



OA-ON=-OP^. 


Example 6 . — The tangent to the circle hi/ = 5 at iJie point P on 
the circumference, cuts the x-axis at .4 and the y-axis at B. Prove 
, 1 , * 1 
(j^j+^g2-5- 

LetPs(.Tj,i/j). The tangent at P is therefore the line xSj l-i/!/i = 5. 
Hence -^ = (f ’ »nd Ps (^0, ^ , 

. • . OA =■ '* and OB- , 

*1 Vi 

. ^ 1 ^ , Vi“_a:/ + i// 

■ ■ OA‘ ' OiP ■ 25 25 25 ‘ 

Now 5 since (s,, y^) is a point on the circumference. 

■ i ' 

OA^ ’ OB- 5 


Definition. — The perpendicular to a tangent at its point of 
contact with a curve is called the “ Normal to the curve at the 
point.” 

III. Equation of the normal to the circle 3^ + y^ = a^ at the 
point P = (s^, yfi on it. 

The equation to the tangent at P is 
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Therefore - yx^ = A is the equation to some line at right 
angles to the tangent (Chap. III.). 

If P = (Xi, yi) lies on this line, then 

*i.Vi-yA=A, 

.'. A^O. 


X 'U 

Hence xyi- yx^~0 or — =- ■’ is the equation tr the normal. 

®i Vi 

It passes through the ongm. 

Corollary . — The normal is the ladms from the centre to 
the point of contact. 


Example X.— What is the equation of the normal to the circle 
x‘ = 5 at the point (2, 1) ? 

Having verified as usual that the point is on tlie c iule, the equa- 
tion to the normal is, by the work above, 

X y , 

^-jOry -5*. 


Example 2. — In a circle yrovt that the angle between two tangents 
is equal to the angle between the normals at their points of contact. 

Ijet the equation to the circle be 

Let the points of contact be 

yfl anti Q Ito)- 


The gradients of the tangents at P and aie- ' and- * re- 
spectively. (Art. 11.) M 

Tho gradients oi tlii' corresponding normals aie therefore - 
Vi ** 


and 


•*'2 

If B is the angle between the tangents, then 


tan ft = 


(f'h.ip. III., last example). 

1 ■ 


^2 try-iy-i 

ViVi 


If <p is the angle between the noimals, then 


yj_yi 


tan (f- 


J riX^+y^y,’ 

8 = <p. 


% 
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IV. The. chord of contact of the tangents from an external 
foi/nt P to a circle. 

Example 1. — From the point P=(5, 3) tangents PQ and PR are 
' drawn to the circle a:*+ 3 /* = 6. Prove that Q and R lie on the line 

5x+Sy = 6. 

Let 2 /i) and R={x^, y^). 

‘ If Q and R lie on the line 
r>x+^y = 6, then must 

5a:, + 3i/, = 6 . (1), 

and 5 x2+3!/2 = 6 . (2). 

Now the equation to the tangent 
at Q is xxj+^yi = 6, and P=(5, 3) 
lies on it. 

6xi+3j/i -6. 

Hence (1) is true. 

Again the equation to the 
tangent at R is xx^+yy^-^, and P lies on it also. 

.'. .'5x2 + 3^2 = 6. 

Thus (2) is true also. 

Since, then, Q and R both lie on the lino r>x +3»/ - 6. this equation 
is that of the chord of contact of the two tangents from P to the 
circle. 

Example 2. — Find the equation to the chord of conioi t of the tangents 
from P=(4, 6) to the circle 3?+y^ = Z. 

Use the figure and conventions of last example. 

The tangent at Q is xxi+j/yi = 3. 

Since P=(4, 6) lies on it, 

.-. 4xj + 6yi = .3. 

Hence (x,, y{) is a point on the line 

4x+62/=3 . . . (1). 

The tangent at R is xx 2 +j/y 2 = 3. 

Since P=(4, 6) lies on it, 

.-. 4x2 + 6j/2 = 3. 

Thus (Xj, yfj is also a point on the line 

4x+6y = 3 .... (2). 

As Q and R therefore both lie on the line 4x + 6i/ - 3, it follows 
that the equation is that of the chord of contact of the tangents 
from P to the circle. 

V. Find the equation of the chord of contact of the tangents 
, from P = {x',y') to the circle a;® + «/* = a®. 

Use the figure of last article, and as before let Q = {Xj^, y{) 
and Ss(a:2, j/g). 
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The equation of the tangent at Q is 

*•* 1 + 2 / 2^1 = «^- 

P lies on this tangent, 

.• x'Xi + y'y^~u^. 

Hence {x^, i/j) is a point on the line 

x'x + y'y--a^ . . . ( 1 ). 

The equation of the tangent at R is 

•^2 + 222/i = «^- 

P lies on it, 

I'x^ + y'y^^u^ 

Thus R IS also a point on the line 

x'x + y'y — a^ . . . ( 2 ). 

It follows that xx’ + yy' - {see (1) and (2) j- is the equation 

to the line which passes through the points Q and R. It is 

the equation of the chord of contact of the tangents from P 
to the circle. 

The similanty of tins equation to that of the tangent at a 
point on the same circle has to be remarked. This might be 
expected, since the angle between the tangents becomes nearer 
and nearer a straight one as P approaches the circle. When, 
ultimately, P lies on the circle the tangents are in the same 
straight line, and coincide with the chord of contact 

Whether the equation is that of the chord of contact of 
two tangents, or that of the tangent at a point on the circle, 
is easily determined 

If xx' + yij ~a^ IS the equation to a tangent, then must 
{x’, y') satisfy the equation to the ciri Ic on w hich it lies, that 
IS to say, we must have x'^ + y'^=a^. 

If the equation is that of the choid of contact of tangents 
from (x', y') to the circle, then since (x', y) does not lie on the 
circle the co-ordinates cannot satisfy the equation of the circle. 

The process of writing down the equation to a chord of 
contact is the same as for a tangent. 
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Example 1 . — Write down the equation to the chord qf contact of 
tangents from the point (2, - 6) to the circle = 

Here a;'=2 and y'= - 5. 

The required equation is therefore 
2a:-6y = 7. 


Example 2.~Find the points of contact of the tangents from the 
point ( - 3, 4) to the circle = 2. 

We shall attain our end if we find where the chord of contact 
outs the oiroumferenoe. 

The equation to the chord of contact is 

-3x+4y = 2 .... (1). 

The equation to the circle is 

*"+ 2/^-2 .... ( 2 ). 

If wo solve equations (1) and (2) in the usual way, we have the 
following solutions : 

a: 1^85 | -1-33 | 

2/1 1-4 I - -50 I 

Example 3. — The chord of contact of tangents from F to a circle is 
perpendicular to the line joining P to the centre. 

Let the equation to the circle bo 

and P=(x', y'). 

The equation to the chord of contact of tangents from P is 
xx' -\-yy' — vfi. 

The gradient of the chord is therefore 


The gradient of OP is p- 

Since the product of their gradients is - 1, the two lines are 
perpendicular. 


Example 4. — Find the point of intersection of the tangents drawn at 
the extremities of the chord intercepted by the circle — ^ on the 

line 2 ®- 1 - 62 / = 10. 

Let (x', y') be the point of intersection of the tangents. 

Their chord of contact is xx' +yy' — 

This line must therefore be identical with 2xP5y= 10. 

The respective intercepts of these lines on the two axes must be 
the same. 


9 9 

, == 6 (a;-interoepts) and —, = 2 (iz-intercepts), 

* y 


. •. x'=l'8 and y' = 4.5. 


••• r) = (l-8. 4-6). 
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VI. MISCELLANEOUS EXAMPLES 

Example 1. — Find the locus of the intersection of tangents to a 
circle, which are at right angles to one another. 

Let the equation to the circle be 

Then and yxj^ = a^ are the equations to two 

tangents, the first at the point {x^, yf), and the second at the point 
(r/j, - Xi). They arc at right angles, since the coefficients of x and y 
are interchanged in the equations, and the sign of one of them 
reversed (Chap. III.). 

Let (*', y') be the point of mterscction of the tangents. 

■r'L’i - . • (1), 

and x'y^ - y'xi - a- (2). 

Square both equations. 

.-. y'-y^^-i-2x'y'Xiyj~aK 

and x'^yf i y'^xf - 2x'j/'xiiyi - a‘‘. 

Add these results. 

• •• I -2u* . (3). 

But since (xj, y.^) is on the circle. 

Hence on dividing out from equation (3) we have 

y^-i-y’^=2a\ 

The locus of (x', y') is the circle whose equation is 

= (SeeChap. V. Art. Vll. Ex. 8). 

Example 2. — P is a point on a circle. Through the centre a line 
is drawn parallel to the tangent at P and cutting the circumference at 
Q. Prove that the tangent at Q is perpendicular to the tangent at P. 
Let the equation to the circle be 

, z^+y^ = a-. 

Let P^{xi, i/i) and y^}. 

The tangent at P is the line 

I J/yi = ®“- 

The line through the origin parallel to this is 
avril-yjij = 0 (Chap. III.). 

Since Q=(x^, yf) lies on this line, 

.-. XjXi+jyjiyi-O. . . . (1). 

Now the tangent at Q is xx^+yy^^a^. 

It is perpendicular to the tangent at P if 

^i^i+yi!/t=0 (Chap. III.). 

This last result is true by (1). The tangents at P and Q are 
thenllore perpendicular. 
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Example 3. — AB is a diameter of a circle. Tangents are drawn 
at A and B. Any other tangent cats these at P and Q. Prove that PQ 
subtends a right angle at the centre of the circle. 

Let the equation to the circle be 



The gradient of OQ is ’ = - — 

- ay^ i/i 

Product of the gradients 

ft -I .r, ft - r, 

?/i ^ !h 

_ a* - 


r c 

Now + - a^, since (xj, y^) is tlie point of contact of the 

tangent. 

Hence the product of the giadicnts is - 1. 

OP and OQ arc therefore perpendicular. 


Example ‘t.—Tangenis to a system of coiicenlnr circles aie drawn 
parallel to a given line. Find the locus of the points of contact. 

Take the common centre as origin, and let the equation of the 
given line be 

Ix+rwy/d a — 0. 

Let the radius of one of the circles be r. 

Its equation will therefore be 

Let (Xi, 2 /i) be the point of contact of the tangent parallel to the 
given line. 

The equation to the tangent is 

xxj+jiyi^r*. 

It is parallel to the line lx-\-my-tn = 0 if 
(Chap. III). 

* XV 

The locus of ((Ti, Vi) is therefore the line , =-• 

* I fn 
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It passes through the origin and is perpendicular to la: + my + n = 0. 


HxAMFLE 5. — The straight line lx-\-mij-\-n = 0 cuts the circle 
3fi+y^ = a^ at A and B. Tangents are drawn at A and B. Find P 
their point of intersection. 

Let P={x\y'\. 

The equation to the chord of contact of tangents from P is 
xx'+yy' = a‘^. 

This line must therefore be identical with lx \-rny-\-n — 0. 

The lines will therefore make the same intercepts on the axes. 

• ■.*,= (x-intorcepts). 


and ((/-intercepts). 

, aH , , a-ni 

. . X and 11 - - > 

n n 

.■.PM^,y)^[--i - ^ ) 


ExAMeni! 6. —.4 variable straight line is drawn through a fixed 
point (h, k) and cuts the circle at P and Q. Find the locus 

of R, the intersection of the tangents at P and Q. 

Let R = {x', if). 

The chord of contact of tangents from R is x-c' + yy' — 

Since this line passes througli (/(, /. ). 

hx' -I- hf - a-‘. 

The locus of R -(x', y') is the straight line hx \-ky~a'‘. 

It is the chord of contact of tangents from [h, k) to the circle. 


RESUME 

1. If (Xi, j/i) and {x,, yf) be two points on the circle 
3 ? + if = a?, then the gradient of their join is 

2. The equation to the tangent at the point (Xj, yf) is 

xx^ + yy^ = a? 

3. The equation to the normal at the point (rj, yf} is 

xyi-yx^ = 0. 

4. The equation to the chord of contact of tangents drawn 
from a point (x', y') to the circle is 

• xx' -I yy' = a*. 


I 
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EXAMPLES 

1. Prove that the point (5,2) lies on the circle x®+j/® = 29, and 
write down the equation to the tangent at the point of contact. 

2. Write down the equation to the tangent at 

(i.) the point (3, 4) on the circle y^ = 25, 

(ii.) the point ( -2, 6) on the circle x®+y* = 40, 

(iii.) the point ( - 4, - 5) on the circle x^+y‘ = 41, 

(iv.) the point (1, -7) on the circle x^+if — SO. 

Draw a squared -paper figure in the case of (i.). 

3. A circle with centre O passes through the point ( - 1, 3). The 
tangent thereat cuts the axes at A and B. Find the area of A OAB. 

4. What is the slope of the tangent at the point ( - 3, 6) on the 
circle x^Ay^~ 45 ? 

What is the slope of the normal at the same point ? 

6. What is the equation of the .straight line through the origin 
which is parallel to the tangent at the point (2, - 9) on the circle 
x*-f^/ = 85 ? 

6. Find the gradient of the tangent to the circle — 13 at 

the point (2, 3) from first princijilos, as in Articles I. and II. 

7. Write down the equation to the normal at the point (3, 8) 
on the circle x®-fi/^ = 73. 

8. Find the locu.s of the mid- points of chords of the circle x“ -p = 8 
which are parallel to the line, 2x4 5y -0. (Art. I. Ex. 3.) 

9. (6, 7) and ( -9, 2) are points on the circle x“-fy^-^85. Work 
out the gradient of the chord joining them by both the gradient 
formulae. (Art. 1.) 

10. In last example prove that the line from the centre to the 
mid-point of the chord is ])erpcndicular to the chord. . 

11. A straight line cuts the <oxes at A and B. A circle having 
O as centre touches AB at, P. PN is perpendicular to XX'. 

If OA-ON = 12, find the equation to the circle. (Art. II. Ex. 5.) 

12. AB is a diameter of a circle. F’rom A and B perpendiculars 
AP and BQ are drawn to any tangent. Prove that AP+BQ = AB. 

13. Write down the equation of the chord of contact of tangents 
from 

(i.) the point (5, 7) to the circle x-+y^-2, 

(ii.) the point (8, -3) to the circle x^+y^ — 4, 

(iii.) the point ( -4, -6) to the circle x®-fy^ = 5. 

Work out the equation of (i.) ab initio, as in Art. IV. Ex. 2. 

14. From the point P={3, 8) tangents are drawn to the circle 
= 6 - 
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(i.) Prove OP perpendicular to the chord of contact. 

(ii.) If OP cuts the chord of contact at Q, calculate OQ. 
fill.) Provo OP OQ = %. 

16. The straight hno 22;+3i/ = 6 cuts the circle a;^+i/® = 25 at the 
points P and Q Pmd the point of intersection of the tangents at 
P and Q. (Art. V. Ex. 4.) 

16. Find the point of inteiscction of the tangents u the extremi- 
ties of the chord cut off by the circle — ho from the line 

a; = 3)/ 4 - 6. 

17 Find the points of contact of the tangents drawn from the 
point (5, -4) to the eiule x^-^y- -3. (Art. V. Ex. 2 ) 

18. Find the points of contact of the tangents drawn from the 
jioint (10, 6) to the circle \ i/" — 8 

19. A tangent to the circle r* py" 10 cuts the axes at A and B, 


Prove 


_ 1 _ 

OA^ 


1 1 
OB^'^ 10 


20 Tangents aie drawn from .i point (i', y') to the circle 

t ,V^ OP cuts the chord of contact at Q 

Prove (i ) OQ pel pi ndiculai to the (hold of contact. 

(n ) OP OQ n\ 

21. A variable stiaight hue is draun thiough the point (0, 3) and 
cuts the ciiele a'^-r (/-- 12 at P and Q Pio\e th.it the locus of the 
inteiscction of the tangents at P and Q is a line }),iiallel to XX'. 

(Hint. — State the coiiclition that tlie choiil of contact of (P , y') 
passes thiough (0, 3) See Art. VT E\. 6 ) 

22 A tangent is drawn through the jionit (3, - 1) to the circle 
a- If its gradient is I, find ns point of contact 

23. The tangent to x‘ ip-o- at the point (rj, y{) cuts the axes 

a* 

at A and B, Piove that A — 2 ^ • 

24. Tangtnts PA and PB arc diawu to a ciiclc Prove analytic- 
ally that the length of the perpendicular fiom A to PB ib equal to 
the length of the perpendicular from B to PA. 

25. Piovo that if the tangents at two points on a circle are 
perpendicular, then the lines joining the centn to the points are 
perpenchcular .also. 


26. Provo that the f.uigents to the circle i“ [ y^ a- at the 
extremities of the chord b i mi/ 1 intersect at the iioiiit ((ci^, tmP). 
(Art. VI. Ex. 5.) 

Hence show that the locus of the intersections of tangents at the 
extremities of a system of parallel chords of a circle is the diameter 
perpendicular to the system. 

27. Chords of a circle are drawn through a given point. Prove 
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that the tangents at their extremities intersect on a fixed hne. 
(Art. VL Ex. 6.) 

28. AB IS a diameter of a circle Tangents are drawn at A and 
B, These are cut by any other tangent at P and Q Prove that 
PQ subtends a nght angle at the centre (Art VI Ex 3.) 

29. If #1 and be the vectorial angles of two points on the 
circle a:®+y“ = a“, proie that their join is perpendicular to the hne 

1 1 ^1 P ^2 

whose slope is 2 

30. AB is a diametei of a ciiclc A line through B cuts the circle 
at P and the tangent at .4 in <2 Piove that the tangent at P 
bisects AQ 

— Take ^ S as axis of y, and the equation to the line through 
B in gradient form ) 

31 On the circle the point Q — (vi. ij) is taken QN 

and QM are drawn jieipendn ular to the axis If P is a point on 
the tangent at i/j), prove that the square on the radius is double 
the area of the quadrilateral ONPJf 



CHATTER VII 

, mx, + nx« 

MOBE ABOUT CO-ORDINATES : THE FORMULAE j - > 

in -f n 

, my«+ niji , 

11 = - - .• THE FORMULAE 2;, =3'.. -fr fO.S it. 

m + n j ^ 

y-i = ?/2 + >■ i '■ harmonic division 


I. Before dealing wifci the subjects of this chapter we 
again remind the reader of the itnportame of what we called 
tlie “ sense ” of a lino. (Chap. I.) 

L B 


The .sense of a line is the distinction between LB and BL, 
as, for example, the journei-.s JiOndon to Bri.stol and Bristol to 
London. The diffejentiation is aecotiiplished by marking 
LB aiid BL - , or vice versa, accoiding to the convenience of 
the worker, but once the convention has been st.ated it must 
bn rigoromsly observed. 


II. A point P is taken on the line through two given points 


A = (xi, ?/j) and B = {x 2, so that AF : PB-^ 
co-ordinates of P. y. 

Let P = (x', y'). I 

Draw AK, BL, and PM 
perpendicular to XX' . 

Then by ordinary geo- 
metry 


-m : n. 


Find the 


KM_AP^m 
ML~ PB~ n’ 
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POINT ON JOIN OF TWO POINTS chap. vii. 


nx —nxi = rnx2 — ‘>nx , 
{m + »?)x' m-Tj + iia'i, 


Similarly, by drawiiif> piTpciidicuiars to the ?/-axis it can 
be shown that 

, my 2 + Miy 

M? 4 I) 

Note . — These results are easily written down according to 
the following scheme. 

m ^ n VI n 

a-j/Xxa yy- '' ?/„ 

The products in the numerator, s of tin* lormiilae follow the 
cross lines. 

Corollary 1. — If the point P does not lie between A and B, 
but is external to them, then the reader can (>asily draw the 
necessary figure and verify that 


, 1)111.^-11 IJy 


There is, however, no need to deal with this case separately, 
for we have only to note that the segments AP and PB of the 

line now have opposite senses, so that ^,'?= and we have 

Pa ~ )i 

merely to replace n by - n in the formulae. 

N.B . — ^We shall now use X, the Greek letter for 1 called “ lambda.” 

Corollary 2. — If = A ^f.e. then the formulae modify to 

A+1 A+1 
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that is, 


% = 


1 4* A. 


and «/' = 


yi +_^2 

i+\ ■ 


The distinction between — and A is merely that between 
I and -8 ; that is to say, wc may write 


AP 

pb'~ 


or 


AP 


■8 


according to our convenience. 

Corollary 3. — If P is the mid-point of AB, then (or A) = 1 
and the formulae become 


•^ 1+42 

2 


and 


Ih + y-i 
2 


We have already found in (Chapter 1. the co-ordinates of 
the mid-point of d 5 


Definition of the external and internal division of a line. — A 
line AB is said to be divided internally by a point P when P lies 
between A and B. It is said to be divided externally at P when 
P is on the part of the line not between A and B. 

R P Q 

1 f » ■ < ■* 

A B ‘ 

In the figure P divides AB internally, while Q and R divide 
it externally. 

Example 1. — Fi?id llu; oo-ordhwies of the point which divides tlte 
join of (1, 2) and (5, 6) internally in, the ratio 3 : i, 

, (3x5) '-(4x1) 111 

3-t4 7’ 

, (3j^6)-| (4x2) 26 
^ 3 I 4 7 ■ 


Example 2. — Find the co-ordinates of the point which divides the 
join of (1, 2) and (5, 6) extenutlly in the ratio 3 : 4. 

As the segments AP and PB are now oppositely directed, we 
3 

must wnte — 

, (3x5)+(-4xl)_ 

‘ ■ ~ 3-4 “ - AA, 


% 


and y' = 


(3 x6)-K-4x2) 
3-4 


= - 10 . 
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The same results are obtained if we write the ratio as — r • 

4 

It is merely a question of agreement as to whether AP or PB is 
to be regarded as +. (See Art. 1.) 


Example 3. — In what ratio 
and (6, 6) divided hy the line 3a 
Suppose it is divided at {x\ y 



s the line joining the points ( - 2, 3) 
1-4?/ -12? 

') in the ratio (m, n). 

, Vrm - 2?t , , 5w + 3n. 

X — and )/ - , - ■ 

m+n ‘ m-\-n. 

Now (x', y') is a point on the line 
1x4-4!/ = 12. 

3(6m - 2») I 4(5m -|-3«) _ y2 
m-\-n 

IVhenco 26m =- 6n, 
m 3 
m~13’ 


The line is divided internally at the point (x', y') in the ratio p,. 


Example 4, — Find where the line joining the points (4, 2) and 
(10, 3) is intersected hy the line 2x-5!/-t-4 = 0. 

I>ot the lino joining the two points be divided at (a.', ;/') in the 
ratio X : 1 by 2x - .'iy 4-4 = 0. 


, 44-lOX 
" 14X 


and !/' - 


24 3x 
1 -f X 


But 2a:' - Sy' 4-4 = 0, 


84 20X 10 f-15x j . ^ 
l+X “ 1 I X 


Whence 



The join of the two points is divided externally at (x', ?/') eiS 2 : 9. 


Since 


X - ii , 
, 4 - '-J 


A ' 2 ~ ji 

and y = 




The point of intersection is (’.", V)- 


III. Definition. — If the straight line joining two points A and 
B is divided internally at P and externally at Q in the same ratio 
It is divided “harmonically." P and Q are called “harmonic 



HAEMONIG DIVISION 


AET. UI 


conjugates ” with respect to A and B, and are said to separate A 
and B harmonically. 


Thus i{ P and Q liarmonically .separate A and P, /re have 

AP^ AQ 
PB~ QB' 

{AQ and QB are oppo.sitely directed, lienee the negative 
sign.) 

Corollary — If P and Q harnionically separate A and B, then 
A and B harmontralJi/ separate P and Q. 

For since fp- 

QB AQ 
- PB AP’ 

BP AP 

Example 1. — 1), P=(3, Thaad 7?^(6, 16) are points lyirtg 
on the line y — 2r-‘2. Find Q the harmonic conjugate of P with 
respect to A and 11. 

Let Q-{x'. if). Y| / 

Let P divide AB in the i.stii) / 


Then Q di\ ides A II in the ratio 
Sinoo P~{li, 7), 


. . - , « 

m +n 

i,- t, • m2 

■which gives - „• 

71 ,i c 

Hence Q divides AB in the ratio - 

_ .„(2x6)+(-3x1) 

2-3 

, (2xl6)J^(-3xl)_ 
t ^ 2-3 

••• e-(-9, -29). 




J.32 QUADRATIC EQUATION PROPERTIES chap, vn 

Example 2. — The straight line 3a:-4i/+12 = 0 cuia the, axes at 
A and B. P=[ - 1, 2-25) is taken on the line. Find Q its harmonic 
ccmQugate with respect to A and B. 

Let Q=(x', ?/)• 

til 

Let P diAade AB in the ratio 

n 

Then Q divides y4jS in the ratio - ■ 

n 


Since ^ = ( ~ 4, 0) and /<^(0, 3), we have, for tlie abscissa of P, 
j - 4m 
m I n 

. m3 

which gives n ^ f 

Hence Q divides AB in the ratio - 

. (;)x0)+(-4x -1) ^ 

..X 

. , (3^3)+(-]x0) 9 

and (/ ' j -.y 

••• QM 2 , 4-5). 

IV. We shall now have occasion to use the following 
additional properties of quadratic equations. 

(i.) If the roots of the cq^uation cu^ + hx t-c = 0 are equal 
in value but opposite in sign, then 6 = 0. 

For if 6 = 0 the equation reduces to az^ + c = 0, whence 


. x = ± / - *"• 

V a 


(ii.) If a = 0, then one root of the equation is infinite. 
If, in addition, 6 = 0, then both roots are infinite. 


Let x = -- 

y 


a b ,, 

— o + -f c — 0. 


?/ y 

.'. cy^ + b;j + a==0. 

One root of this equation is zero when a = 0, and both roots 
are zero if, in addition, 6 = 0. 

But since a;= - , we see that when 1 ^ = 0, a; = oo , so that if the 
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roots of c^ + by + a = 0 are zero, then those of aa;* + 6a: + c = 0 
are infinite. 

Hence one root of the equation ax^ + bx + c = 0 is infinite 
if 0 = 0, and both roots are infinite when a -b — 0. 

V. Intersections of the stianjht line loining two jmiiis, and a 
circle whose centre is the ouqin 

Example 1. In whnl ratio lines the t udt i" | tf -0 dii iik the join 
of the points (], 2) and (5, ti) ? 

Let A = (5, 5) and B={\, 2) 

Let the cncle divide the 
straight line AB at a poinl 
\ 


{x', y') m th(' ratio 


5 + X 
1 t A 


and y' 


o ' 2 \ 
1 - ,\ 


Now (x', !/') IS on the (.ii<l< 

I y- 9, 

■ ■(?:»■ c’hIT »■ 





A, 


• (■> \)--i (5 > 2\)- '!( t - 

4\2- 12\- 41 0 

.• \ - 5 (tf.j, oi - 2 0 15 (a])]>ro\ ). 

There arc theiefore two laliies of \, com spending to the two 
points P and Q, in which AB ruts the iiiile, and we note that they 
are opposite in sign, showing that one point is within and tho other 
without the circle. 

ff and aie tlu roots of tho quadiatie, then 
.IP , ,AQ 
FB ‘ QB 

Very nearly, .> and 

Example 2. — J/i iihal ml in dots the rirrlr t" | y^ — i divide the 
join of the points (1 2, 1 ti) and {.9, 0) ? 

(i.) Let the tink divide the join in the latio (X : 1) at the point 
{x', y'). 

1 2 ' 5\ , , 1 6 - -GX 

Then P= and,/ ^ . 

Now x''^^-y'-= 4, .sinei (P, y') is on the circle. 


( 1 - 2+1 


-4. 


• .-. (l-2+6\p+(l 6- •6A)2=^4(1 +X)=, 

which gives 21-36X®+2 08X = 0. 
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\(21-36X I 2-08) --0, 

„ 2-08 
■ X — 0, or 


The meaning of these results is easily seen from the diagram 
below. 



Diaouam 1. 


We see that the point (1-2, 1-6) itself lies on the circle, so that the 
lino can cut the circle in only one other point. 

A segment in one of the two ratios has been reduced to zero, and 
so we have a zero root in the quadratic equation. To realise how 
a segment is reduced tp zero, look back to the figure of last example 
and imagine A moved up to P, so that AP becomes of length zero. 

(ii.) Let us take the ratio of the segments of the division to be 
(1 : X) and see what happens. 


We have 


, 1-2X+5 
~ X + 1 


and y' = 


1-6X--6 
X + 1 


Since, as before, x'^+y'^- 4, 


/1-2X+5V . 

/'1-6X--6V 

V X + 1 ) 

V X4 1 j 


.-. (l■2X + 6)s+(l•6X-•6)“ = 4(X*+l)^ 
2 08x+21-36 = 0. 
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Now we know that we ought to obtain a quadratic equation as a 
circle cuts a straight line at two points. 

It follows that the coefficient of X® must therefore be zero. That 
is to say, the full equation is 

OX® I 2-08X-f-21-36 = 0. 

One root of the equation is therefore infinite. (Art. IV.) 

This is easily accounted for. 

The equation of method (i.) givc.s the ratio in the form ( — 0), 

causing the absolute term to disappear in the quadratic, wliile the 

PB 

equation of method (ii.) gives the ratio in the form ( - oo ), causing 

the coefficient of X® to disappear. 

The form of the quadratic equation giving the segments will 
therefore depend on whether we writ“ (X : 1) or (1 : X). 


Example 'i.— In wJuil ratio is the line joining the points ( -3, 4) 
and (7, -- 1) divided hy the. circle x- i >r- ,5 ? 

Let the circle divide the )oin in the ratio (,\ ; 1) at the point 
(•«'. >/)■ 

, - 3 1 7X , , 1 - \ 

••• ' - j .X nx 

But.r'"- r'/“ •'>, 

.-.( 3 7X)® i (4-X)®-.',{l , X)®, 
whence 9X®- 12\ , 4-0, 

.-. (3X-2)®-0. 

Hence both values of X are 

Since the roots of the equation are coincident it follows that the 
.points of section must bo coincident. The lino is tlierefore a tangent 
to the circle. (See Diagram 2.) 


Example 4. — In n-hat ratio does the circle r® i-y® .5 divide the 
line joining the points (-1,2) and ( - 5, 0) ? 

(i.) Lot the circle cut the join in the ratio (X : 1 ) at a jioint (*', y'). 


Then 


cd — 


- 1 ^ .7x 

1+X 


and y — 


2 

l+x' 


But ,t:'® 

.-. ( - 1 - .5X)®-r (2)®- .5(1 -t-X)®, 


which gives X® 0. 

Hence both values of X are zero. 

Nww the point (-1,2) hes on the circle, so that the line can cut the 
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■••■■■■■■■■■■■■■■■■a 

JBHB ■■■»■»■■■■■■■■■■■■■■■■■ ■■■■■■■■■■■■■■■■■■■a SBigB ■■■■■; 
BBaBaBaaaaaaaaiaBBai ■iBBBIBBiBBBBBBBBBBBBBBiBBBBBBBBBBBBBBBl! 
BBPBBV^rvnilBBBBBBBBBrllBBBiBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB! 
aBa^<l«IB2ftaaBBBBBBBBBb<JaBBBBBaBBBBBBBBBBBBBBBBBBBBBBBBBBBaBai' 
aBBBB^BBBBBBBBBBBBBBaBBBaBBBBBBBBBBBBBBBBBBaBaBBBBBBBBBBaBBa 
BBBBaBBfaBBBBaBflBiBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBa 
BBBBBBBBBfBBBBBBBBBB BBBBBBBBBBaBiBBBBBBBBBBBBBBBBBiBBBBBBna 
BBBBBBBBBBBtfaBBBBBBBBBBBBBB BBB BBBBBBBBBBBBBBBBiaBBBBBBBBBBBB 
iBBBBBBBBBBBBBSaBBBBB BBBBBBBBBBBBBBBBBBBBBBBBBBBBaBBBBBBaaBBa. 

155 - -nBBBBBBBB 

iBBBBBBBB 


BBBBSBBaBBBBaBa^BzSa SSaBaBBBBBBBBBlBBBaS 
BaBBBBBBBBaBaBBBBBBS«BBBBBaiiin|B|BBBBiB 
BBBBBBBBBBBBBaBBBBBaaSBBBBBaiBBBBBiiBBBBB 


BBBBBB BSBBBBI 

BBBBBBBBBBBBBBBBCSaa aa^^BI _ 
BBBBBBBBBBBBBBSBBBBBCaBBBr'BaaaBBBBBBBBBBB 
BBBBBBiBaBBBPnaBaai LBBBEBttCBBBBBBBBBaaBB 
aBBaaaaBaBBKaiaBBBBi BBBaBaBB'BfBBBaaBBBBBB 
laBBiaaiBaaa aaBaaBaBk*B»f bbbbbbbbb 


s |:i:: gs::si 

BBBBB “ 


BBBBB !■■!■■■■! 


BBBBBaBBBaBBaaaaBaaBaaBaaBiBk*B»fBBBiBBBBB 
BBBBBBBBBB'’iBaaBBBBBB BBBBiBBaBiiaBBSBBBBBBB 

BBBBBaaBBBBBB 

bbbbbbb 


BBBBB BBBBBaaaBB' 

BBBBB BEBiBBBBB 
BBBBB BBBEaaaBB 




■■«■■■■■■■ ■■■■■•■■■■■■■■■■■I 
•■■■■■■■■■■■■a •■■■■■■■■■■■■■•■■••■■■•■•■■I 


■■■■■■■■a 


«■■■■■■■■■■•( 

RRaaaRpraaaapbiPPb^PBPaapppBBapaa 

RRRHPb:«aflRBRRL 3 BRRHk'RHRRRaRaRBRRRRBRMB 


■■HRRRRRH 


■ RRHRHRHR^iiRHHaRRaHNaBRRaRRRai l■BBBHBR■■l•a■H■HaBBflBB■HR■ 

■ RRPr RP*:4RRHHRaRHRR IRRaRRaRaRR IBiRHHHRHHa RRHRRBBBRHRI 

■HRR^rtfRRRRHHRHRRRR iHRRRRflaHaR r'aiRaBaRRai BpapPRaapaai 
■■v'^aPBPBeriHaBaaBBiciaaBaaBRL' 'iBPRHHRBKni aaRBBaRpriRBRRRs 
BaBBHRRHaaB iaHRaaRR aiLRaaaaRHaa ■aaRRaaBLai BaRRBRRRLiBHRRRR .. 

■ aRHBaRRaRBHaBflRBRRkiaHaaaaBBBB ■HaaaRHaaariBHRRBBRRRRBRBBR 

RBBaBaRHBaaBHBRRHHai'aaRaBBBHHaBRRRRBaaaRiaRBRBRRRRBBRaaR 

laaHRRRiaBBBaRRBRaRRRRHRHRaRHHRiaRHRRRRBPaHRBRRBRBBRRBRRRaBBRHBRRBBBaH 


‘■■■•■S«BHBBHBHRBBRBaaRPRRRBBRBRBPaRRHHBRRHH 

iRRaaHBaaaRaHRHaHHaRRRHBBBRBBBRRHBHRHRaaRRHRRHHB 

HRBRBBRBHRRSRRRRHRBBaRRRRBaiRBMIRRRRBBBBRRRBRRBRBBRBRBBRBRRBRBBRaB: 

, BHRRRRaHRRRRaaaaaRRHflRaRRBBIHRRaHaRHBBHBBRRBBBaRRBRHBHBHRRRRHHRBaBH 

iBBRaBaPBBRBRRRRRBRBRBaBBRaaaaa ■BaaaRBBBaBBaBBBPBBBBaRRaBBRBRaBBRPBHr*** 



Djaqram 3 . 
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circle again in one point only. This point must therefore coincide 
with ( - 1, 2), thus reducing both the segmental ratios to zero. 

The line therefore touches the circle at the point (1, 2). (Dia- 
gram 3.) 

(ii.) Let us take the ratio of division as (1 : X). 

Then we ought to obtain a quadratic equation of the form 
0\2+0X t-c-0. 


that is, c-=0. Tins must happen becau.so the roots of tin equation 
in last method were zero, so that tiiose of tlie one we shall hnd must 
be 00 . The difference is tliat of obtaining the ratio in the fotm 


AP 


and 


AP 
0 ■ 


We have 


- \ 
1+X 


.11 id //' 


2 \ 

1 -1 x' 


Since x''^ -1 y'~ - 5, 



( V 

V IJ X j 

U 1 xj 


which gives, on siraplilying, 20 0. 

Hence tlie coefficients of X^ and X must hotli be zero in the 
quadratic. In full the equation is 

OX- 1 OX +20 0. 

Both roots are thcrefoie infinite, so th.it two of the segments of 
division — the denominators iii the ratios an- both /wo; and siiioe 
(1, 2) lies on the oiicle the other point of section must coiuoide with 
it, so that, as we saw befoie, the oiitle toiielies the line at the point 
( 1 , 2 ). 


VI. To express the co-ordinates of a pond in let ms of those of 
another point, the slope of the line joinimj them, and the distance 
between them. 



These formulae are often of very great use in ca,ses where 
the distance between two points is concerned. 



Ill WOEEji<i> SiAAMFLB^ 

EjEamflb 1. — Through, the point G= (2, 1) a straight line is drawn at 
slope of 40°, so as to cut the circle whose centre is 0 and radius is 

4 units at P and Q. Find the leu/gth 
of OP and of CQ. 

Let the straight line cut the 
circle at a point {x-i, yj) at a distance 
of r units from C. 

Then 

a"j = 2-|-rcos40° 1 (See formulae 
andyi= 1 +r sm40° / just found.) 

The equation to the circle is 
)/2 = 16. 

Since {x-^, y^ lies on it, 

(2 -fr cos 40°)- I (l-j-r sin 40°)^ = 16, 

(cos® 40° 4 sin^ 40°)r-42(2 cos 40° | sin 40°)r - 11 —0. 

Now cos- ff+sin^ 1 for all values of 9, as is sliown in any book 
on trigonometry. 

.'. r® 1 2(2 cos 40° I sin 40°)r - 11 - 0, 
r= 1-8, or - 6T (appro.x.). 

Hence CP — 1-8 units and CQ = 6-1 units (nearly). 

The difterenoo of sign in the values of r is due to the fact that 
CP and CQ are oppositely directed, that is, have opposite senses. 

Example 2 . — Through a fixed point V any straight line is drawn 
cutting a circle at P mnd Q. Prove CP-CQ constant. 

Let the centre of the circle be taken as origin, and let its radius 
be a units in length. 

The equation to the circle is 
therefore 

+ = 

Let C=(h, k). 

Let the slope of CQ be f, and sup- 
pose that the line cuts the cudc at a 
point (x^, 2/]) at a distance of r units 
from C. 

Then x^ = h-\-r cos >/', 
yi = k+r sin \f/. 

But {»!, i/i) lies on the circle, 

• •• 

.•. (A-i r cos f)^-j-(f:+r sin = 

. • . r^(oo8- f 4 sin® ^) -P 2(/t cos ^ -f- sin ^)r + ( A® -p /t® - a®) = 0 
.'. r®-p2(fe cos f -pfe sin V')r-p(k®-pfc® - o®) = 0. 
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If fj and rj be the roots of this equation, then 
rir^=h^-^k^-a\ 

that is, CP-CQ = A® + P - 


= constant. 


Vll. MISCE1.LANEOUS EXAJVIl’LES 


Example 1. — A slruighl hue is drairii cutling the axes at A^[a, o) 
and Be= (o, b). The bisector of XOT meets 
AB at I). Prove AD : DB UA : OB. 

Let OO out AB at D so that 

AD-.DB = \:l . (1). 

Let D^{x', y'). 

Then, since A — {a, o) and B={o, b), 
we have 


ai' = ^^-andi/-j^- (Art. 1L). 

Now the equation to OD is x y (snue X01> 45°), 

.-. y-y\ 

a \b 

1-, X 1 tx’ 

. • a \b, 

OA 
OB' 





Example 2. — In last figure, if OE is perpendicular to AB, prove 
AE-.EB^OA‘^-.OB\ 

AE 

Let and let E={x’, y'). 

£jJS 

The equation to Ai? is 


^ v.y 

a 


1 . 


Then ^ ^ ® equation to a line through O perpendicular 

to AB (Chap. III.). 

It is therefore the equation to OE. 

Now x' = ^ and y' - , and since (x', f) lies on OE, 

= 0 , 


'i+x 


l+x’ 

a 


••6(1+X) a(l+X)' 
o2 = x6“, 
OA* AS 
OE^ ' Eff 


K 
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Exampl® 3 . — OAOB is a trapezium such that OA=(2c, o), C=(c, e), 
and B=(o, c). Prove that its diagonals cut each other at a poirU of 
trisection. 

Let the diagonals mterseot at D. 

Lot D={x', y'), and let OD = XDO. 
Then, since 0=(o, o) and C={c, c). 



t Xc j f Xc 
.‘.x = , , and V = 

1+X ^ l+\ 

Now Ihe equation to AB is 

^+^=1 

2c^c 


which gives X = 2. 


2Xr 

I+x'^I+x 


or 1 + 2 !/ — 2c, 
= 2c. 


Hence OD = 2DG. 

D is therefore a point of trisection on OC. 

Similarly, it can be shown to be a point of trisection on AB. 


Example 4. — Find the centroid of the triangle luhoae vertices are 
the points A = {xj, y^), JSsfxj, j/o), and Os(x,, y^). 

At the centroid of a tnangle the medians are divided in the 
ratio 2:1. 

Let the centroid of the triangle in question be (t==(x', y'). Now 
the mid-point of the join of A=^(xi, j/j) and iJ=(Xj, y^) is 

yi+yi\ 

^=1-2 ’ -2- )■ 

Since G is the centroid of the tnangle, 

CGiOF = 2-.\, 


Similarly, 


x,-f-2 X 




Xi r j 


l-b2 ~ 3 

- yi+yt+yi 

2/'= 3 • 


Example 5. — OACB is a rectangle such that A — [a, o) and B=(o, b). 
P and Q are taken on AB so that AP = BQ. If OP cuts AC at R and 
OQ cuts BC at S, prove AB parallel to MS. 

The gradient of AB is 

(I). 

a 

Let AP : PB — m\n. 

Then AQ : QB = n:m. 


/ na 

mb 

1 , _ / »ia nh \ 

\wH-n* 

m-\-n 

Ian ^—\m+n'm+n) 
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The equation to OP is therefore 


y = (Chap. III.). 

Now at B, which lies on OP, wo 
have x = a, 

. . ( 2 ). 

Similarly, tho equation to OQ is 
nb 



At S, which lies on OQ, wo have y- b, 

ma 

■ r- 

n 

Hence, by (2) and (3), 

The gradient of E8 is therefore 

. mb , 

- - 0 

” (Chap. III.) 


JJ V 

A(a.o) * 


(m - n)b b 

' ' = - . . 

(n-m)a a ‘ ' 

Since the gradients of AB and BS arc equal, by rosulte (1) and 
(4), these lines are therefore parallel. 

Example 6. — Find thelocas of Ihe mid-jioints of a system of parallel 
citords of a circle. 

^ Let the equation to the circle be 

® x^-[-y^~a^. 

Let the slope of the system be ifi. 
Let B^(x', y') be the mid-point of 
one of the chords. 

Lot tho chord cut the circle at a 

^ point (aji, r/i). 

a:i = a:'-fr cos 
and yi = y'+r sin xp. 

But Xi^+yi^ = a\ 

.-. (ar'+rcos ^1')® +(y'H-r sin Pf-a\ 
.’. (cos® i/' + sin“ V')^*+2(*' cos sin ^)r-t-a:'®+y'® ~o* = 0, 

.-. r®-|-2(a:' cos P+y' sin - a* = 0. 
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Now since M is the mid-point of the chord PQ, therefore BP and 
BQ are equal in length, but are oppositely directed. Hence the 
roots of the quadratic equation in r must bo equal in value but 
opposite in sign. 

.•. x' cos \l/+y' Bin ^ — Q (Art. IV.). 

Hence the locus of (x', y’) is the straight line x cos 'p-\-y sin —i). 
(See Chap. V. Art. VII. Kx. 6, and Chap. VI. Art. I. Ex. 3.) 


ExAMri.E 7. — The line join iny the ‘pobds A~(Xi, y-{) and 
cuts the circle x^A-y~ -cP at P and Q. Find the condition that P and 
Q shall harmonically separate A and B. 

Let the circle divide the join of AB at a point {x', y') in the 
ratio (X : 1). 


Then 


-"T+r 


and y' = 


!/l+X7» 
1+x ■ 



But x'^-'ry'^-a\ 


/x, + Xx.Y 

Cvi+l’/sY 

V l-i X j 

\ 1-IX j 


(Xj hXXj)"-! (y,d Xya)-- a‘{i i 

.-. (V + .V2* - «'^)X“-t f .iyj.V2 - a-)\ h - a“-0. 

Now P and Q harmonically separaU* A and B, hence the roots of 
this equation are equal in value but opposite in .sign. 

x^x^+y^y^-a^^O (Art. IV.), 
or XjX^+yjy^^aK 


RESUME 

1 . If P s (x', y') divides the join of A ^ (xj, ?/j) and B = (x^, y^) 
in the ratio m : n, then 

x' = + and v' = 

m+n ^ m+n 
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CoroHary . — If the ratio is (X ; 1), then 

, aSi + Aa-, 

® l-t-A “““2/ - 14- A 

2. If P divides AB internally and Q divides it externally in 
the same ratio, then P and Q “ harmonicalli ,s( parate ” A and B, 
and are called “ harmonic conjugates ” with respect to A and B. 


^AP m^, AQ 
PB ,e QB ■ 


= - ,80 that 


AP 

PB 


AQ 

QB' 


Corollanj . — A and B harmonically separate P and Q. 

3. If AB~ r, and the slojie of AB is \p, 
then Xj — *j + r cos i/-, 
and ^2 = + r sin 


EXAMPLES 

1. Plot on squared paper tiie points (2, 2) and (4, (i). 

Find from first principles (i.e. as in the theory of Art. IT.) the 
co-ordiuate.s of the jioiut where the join is divided inteinally in the 
ratio 2:3. 

2. The line joining tlie [lointa (1, 3) and (5, 7) is divided internally 
at a point P in the ratio .3 : 5. Calculate the co-ordinates of P. 

3. The line joining the points (2, 3) and (4, 9) is divided externally 
at a point P in the ratio 3 ; 7. 

Find the co-ordinate-s of P. 

4. Find the points which divide the join of ( - 1, 2) and (3, 4) 
externally and internally in the ratio (4, 1). Plot the system. 

5. In what ratio does the point (2, 6) divide (he join of ( - 2, 0) 
and (0, 3) ? 

6. In what ratio does the line 2x+3i/ = 6 eut the join of the points 
( - 1, -3) and (2, 4) ? (Art. If. Ex. 4.) 

7. In what ratio does the line 3x+.9!/-|-10-0 cut the join of the 
points (2, 3) and (5, 5) ? 

8. Prove that the join of the points ( - 2, - 4) and (3, 3) is cut 
harmonically by the lines x+y - 2 and x-ty - 18. 

9. Where does the join of the points ( - 7, 3) and (2, - 3) cut the 
line 3x - 4y = 35 ? Find the point by the method of Art. II. Ex. 4, 
and by working out the equation to the line through the given 
points. 
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10. A straight line cuts the axes at A and B. The bisector of 
xBt outs it at C. Prove that AC ; CB~OA : OB. 

11. In last example find D the harmonic conjugate of C with 
respect to A and B. 

12. ABOD is a rectangle. E is the mid-point of BO. Prove 

that AC cuts DE at a point of trisection. • 

13. In what ratios does the circle x^+y^ = 25 out the join of the 
points ( - 2, 3) and (1, 6) ? 

Draw a squared-paper diagram. 

14. In what ratios does the circle = 6 cut the join of the 

points (2, 1) and (6, 3) 1 

16. In what ratios does the circle 13 cut the join of the 

points (2, 3) and (1, - 4) ? 

Verify by drawing the graphs. 

16. In what ratios does the circle i'*-l-i/^ = 10 cut the join of the 
points (1, 3) and ( - 2, 4) ? 

What do you conclude ? (See Art. V. Ex. 4.) 

Draw a squared-paper diagram. 

17. Show by intersection ratios that the circle x^+y^ = 8 touches 
the join of the points (7, - 3) and (0, 4) at the point (2, 2). 

Draw a squared-paper diagram. 

18. Show that the circle x^+y^-5 touches the join of the points 
(1, - 3) and (5, 5). 

Draw a representation on squared paper. 

19. Prove that the circle x^+y^ — 20 divii^s the join of the points 

(4, 6) and ( - 1, 4) harmonically. Draw a lhagram and verify by 
measurement. | 

20. Prove that the circle x^+y^ — 9 divides the join of the points 
( - 1, 2) and (3, 6) harmonically. 

Verify by a diagram. 

21. Through the point P=(5, 2) a straight line of slope 32° is 
drawn. <2 is a point 2 units further up the line. Work out the 
co-ordinates of Q by the method of Article VI. 

22. The slox)e of a line is 142° and Ps(3, 4) is a point on it. 
Q is taken on the line at a distance of 3 units from P. Find the 
oo-ordinates of Q. 

23. Through the point (4, 2) a system of straight lines is drawn 
whose members cut the circle x^-\-^=25. 

Prove that the product of the segments is constant. (Art. VII. 
Ex. 2.) 

24. Through the point ( - 5, 3) any straight line is drawn cutting 
the circle = 16. Find the product of the segments. 
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25. ABC is a triangle such that A={Xi, y^), JSs(a-,, y,), and 
Cs[x,, y,). Assuming that the centroid of a triangle is such as to 
divide a median in the ratio 2 ; 1, find the centroid of A ABC. 

26. Find the centroid of the triangle the equations to whose sides 
are y = o, 2a: = y-f-4 and 3x+y = 2l. 

27. Find the centroid of the triangle made hv the axes and the 

line *1^ = 1. 
a 0 

28. Find the locus of the mid-points of the system of chords of 

the circle <1, which are parallel to the line 2x~5y. 

29. Find the locus of the mid-points of a system of chords of the 
circle t y® = 36, wliose gradients are -8. 

30. Througli the point 4) a variable straight line is drawn 

cutting the axes at A and if. Prove that the locus of P the harmonic 
conjugate of C with respect to A and if is a straight line. 

(Hints . — 'lake the equation to -4if in intercept form. Let 0 
divide AB as X : 1. Then P will divide it as - X : 1. Express the 
co-ordinates of C and P hy the ratio formulae, and eliminate o, h, 
and X.) 
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OTHER FORMS OF THE EQUATION TO A STRAIGHT LINE : 
CONCURRENCY AND COLLINEARITY 


I. Find the equation to the xtrmghi line of gradient m which 
passes through the point (ajj, f/j). 

Let (a:, y) be any point on the 
straight line. 

Then the gradient of the line 
through (Xj, ?/]) and {x, y) is 

X ““ Xf 



(Chap. HI.), 


X-Xi 


••• (a:--«i) | 

Example J. — JVrite down the equation to\,he straight line which 
passes through the point (2, 5) and has a gradient o/f . 

We have Xi = 2, !/i = 5, and m = f, 

y-5 = ^(y-2). 

Whence 2x-3y-i 11—0. 


Example 2. — Find, the equation to the straight line through the 
point (2,-3) which is paraikl to the line 2x-iy- 3. 

The gradient of 2x -47/ = 3 is J. 

The gradient of the required line is theiefore .) also. (Chap. III.) 
Hence we have *j — 2, j/j = - 3, and m = J. 

• •• y-i 3 = J(x-2), 

.'. x-2y~%. 

Example 3. — Find the equation to the straight line passing through 
the point ( - 4, 3) and perpendicular U> x-2y~%. 

Since the gradient of a: - 2y = 8 is therefore that of the required 
line is (Chap. III.). 
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The required equation is therefore 

y-Z= -2(a:+4), 

2x+t/+5=0. 

II. Equation to a pencil of lines passing through a given 
point ?/j). 

Consider the equation 

y ~y^ = m(x -xf). 

Jt is evident that every time we assign a new value to m 
we obtain a different line. Nevertheless each one of these 
lines will pass through the point (xj, yf). 

The system of lines we obtain by giving different values to 
m is called the “ pencil of lines having (xy, yf) as vertex, and 
in is called the “ parameter’’ of the system. 

The parameter is fixed for any one line, hut varies from line 
to line. 

Exampuk 1. - Draw members of the pencil of lines whose vertex is 
at the point (2, 5). 

We have y ~ C) = m(x - 2) as the equation to some line passing 
through the point (2, 5), 


( 1 ) Let m = 

1 . 

• y-o=- 

Hx-2) 

.-. X- y+ 3 = 0. 

(2) Let TO = 

,i 

• y-5- 

Hx-2) 

.-. 3a:-2y+ 4 = 0. 

(3) Let m = 

i • 

. y-5- 


.'. 4*-5y + 17=0. 

( 4 ) JjOt m- 

-1 . 

. y-5 = 

-§(^-2) 

•. 2r+3y-19 = 0. 

(5) Let m = 

0 . 

. y-5 = 

0(a; - 2) 

.-. y~5 = 0. 


In this way wo can obtain an infinity of lines. 

The case when the slope is 90'’, so that the gradient m (or tan 90°) 
IS infinite, must be noticed. 

We have - ty-5) — x-2. 
m • ' 

Now when to is oo, then ——0. 

m 

ar-2-0. 

The line a: - 2 — 0 is one of the system. (See Diagram 1.) 

Examplb 2. — Interpret the equation y — mx-j-b in the light of this 
article. 

We can write y-b = m(x - 0). 

When TO varies the equation is that of a peneil of lines whose 
vertex is (o, h). 
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Ill, Find the equation to the straight line which passes 
through the points (x^, and y^). 

Let [x, y) be any other point on the line. 

Now the gradient of the line is (Chap. 11.). 

But we may also derive the gradient by considering the line 
aa the join of {x, y) and (Xj, yj). 

. y-?/i_y2-yi 

' ' X - Xj Xj - Xj’ 

each ratio measuring the gradient of the line. 

Last equation may be written 

y-y i_ 
y» ~ yi ^2 “ *1 

The latter form is that in which the equation is usually 
quoted. 
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Examptji 1 . — Find the equation to the straight Une which paseee 
through the iiuints (1, 2) and (3, 5). 

We have .ei = l, x^ — S, yi=2, and yt=5, 
y -2_x ~ 1 
6~2“3-l’ 
y-2_x - 1 

3a; - 2y+l =0. 

Example 2. — Find tlte equation to the straight line joining the 
origin to the point (5, 8). 

We ha\ e Xj - 0, y^ - 0, x^ = 5, and = 8, 
x-0 y~0 
■ ■ ^ 0 ~ 8 ^’ 


Compare this result with the motliod of Chapter 11. 

IV. Collinefiiity of points. 

Example 1. — Find the condition that the three jmnts {xj, j/,), 
(Xj, yf, and {x,, y,) may be colUnear. 

The equation to the Ime through (x„ y^) and (x^, y^) is 


y_-yi^x 

2/a -2/1 

Now if (Xj, yf is a point on this Ime, then 
Vj-hi 

2/a-2/i •<^»-^i’ 

This is the condition sought. 

Thus we find the equation to the line through two of the points, 
and see if the co-ordinates of the third point satisfy it. 


Example 2. — Show that the points ( - 4, 1 ), (2, 4), and (6, 6) are 
collinear. 

The line joining the first two points is 
y-l _ x+d 
^ 214' 


If (6, 6) lies on this line then 


6-16-14 
4-1 2+4’ 


that is 


5 

3 


W 

6 ’ 


which is true, hence the three points are collinear. 
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EXAUFI.E 3 . — G is a point in (he plane of the axes. CA and CB 
are drawn perpendicular to XX' and YT' respectively. P is taken on 
OA and Q on BO so that OP = GQ. Prove that PQ passes through (he 
intersection of the diagonals of the rectangle OAGB. 

Let A = {a, o), B={o, b) and therefore (J=(a, b). 

Let OP=c, .-. BQ = a- c. 

.-. Q={a-c, b). 

The diagonals intersect at D the mid- 
point of OC, 

The equation to the lino joinmg P=(e, o) and Q = (a-c, h) is 

•y= (Art. III.). 

0 a-c-e 

It D= s ) IS a point on this line then 

b/2_a/2-c 
b a - 2c ’ 

^ . 1 a -2c 
thatiS2-2(„_2c) 

= i 

which is true, showing that the thiee points are collinear. 

V, Concurrent Lines. — A number of lines are concurrent 
when they all pass through the same point. 

Hence if we wish to test whether 
three lines IjX -f nijy + = 0, 

liX + m^y + n^^O, 

and IjS; f wigy + «5=0 are concurrent, 
we have merely to find the point of 
intersection of any pair and see 
whether its co-ordinates satisfy the 
equation to the third. 

Example. — Show that the lines x-2y = l, 3x-2i/ — ll, and 
4a:+3y = 26 are concurrent. 

On solving the first two equations we obtain 
1 = 5 and y — 2. 

If the point (5, 2) lies on the third line 4* +31/ = 26, then must 
20+6 = 26. 

This being true, it follows that all three lines pass through the 
point (5, 2). 





ART. VI PENCIL OF LINES 141 


Example 2. — A straight line aids the axes at A and B. Prove 
that the medv/ns of triangle OAB are concurrent. 

Let A = (2a, o), B=(o, 2b), bo that 
J5=(a, o), D={o, b) a.i\A P^(a, b). Y 

The equation to .41) is 

(Chap. 11.) 

The equation to BE is 


The equation to OF is 

^ = ^ (present Chap.). 



Solve the second and third equations. 

y V 

We have, on ehminatuig x, 

2b 

y= -g, 
2a 

••• •*- y 


Tho 


''2tt 26 

3 


lies on the first line ^ f 1, 
2a 6 


, , /'2a 
point g . 

/2a 2b\ 

Hence all three lines pass through the pohit g I 


“3 + r^- 


VI. Equation to a system of lines passinr/ through the inter- 
section of two given lines. 

Take the lines r-2y-l={> and 3x-2//-ll=0. 

On solving tho equations we find that their point of inter- 
section is (5, 2). 

Consider now the equation 

(a-- 2,y-l) + A(3x-2!/-ll) = 0 . . (1). 

On collecting terms we have 

(l + 3X)a;-2(l-f-X)y-(l)-lU)=0 . (2). 

Form (2) shows us that the equation is that of a straight 
line. 
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Form (1) shows us that the equation is satisfied by those 
values of x and i/, which make x-2y-l—0 and 3 j: - 2j/ - 11 =0 
simultaneously. That is to say, it is satisfied by a: =6 and 
3 / = 2. The point (5, 2) therefore lies on the graph of equa- 
tion (1). 

Hence we conclude that the graph of 

(sc - 24/ - 1) + A.(3a: - 23 / - 11) =0 

is a straight line passing through (5, 2), the point of inter- 
section of the lines x -2y -1=0 and 3x - 24/ - 11 = 0. 

By giving various values to A we obtain a system of lines 
all passing through the point (5, 2). (Diagram 2.) 

For example put A=-2, -1, +1, -fSin succession. 

We have 

(1) x- 23 / - 1 -2(3x-2^ - 11) = 0 that is 5x-2t/-21 ~0. 

(2) X- 23 /- 1 - 1 ( 3 x- 23 /- 11)=0 that is x-5 =0. 

(3) x- 23 /- 1 + l(3x-2y-ll)=0 that is x- y- 3 = 0. 

(4) x- 23 /-l+ 3 ( 3 x- 23 /-ll )=0 that is 5 x- 43/- 6 = 0. 
If we put A = 0 we have the given line x-2y -1=0. 

Again, if we write the equation as follows 

^(x-24/-1) + (3x-23/-11)=0, 

and put A = 00 , then since ^=0 we obtain the equation 
3® - 2^ - 1 1 = 0, which is that of the second given line. 

The system of lines found by assigning different values to 
A is called the “ pencil ” of lines having (5, 2) as “ vertex.” 

A is called the “ parameter ” of the system. It is fixed fot 
any one line, but varies from line to line. 

The lines x-2y-l=0 and 3® -24/ -11 = 0 are called the 
“ base lines ”of the system and their parameters are A =0 and 
A= 00 respectively. 

The method of reasoning is quite general. Let 
Ji® + mj4/+Wi=0 and Jjj® + »ij 3 / + = 0 

be the equations of two given lines. 

Then li® + miy + »ii-)- A(Ig® + »njy + w,)=0 is the equation 
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to a straight line passing through the intersection of the two , 
given lines. For if we write the equation thus : 

{li + Xl2)x + (mj^ + A»tj)y + + A Wj) = 0, 

we see that the equation is represented by a straight line, while 
the first form shows us that it passes through the point of 
intersection of the given pair, as the co-ordinates of the latter 



Diagram 2. 


point cause the expressions ZjSC + mjy-fWj and l^ + m^ + n^ 
to vanish. As shown above we can obtain a whole set of 
lines all passing through the intersection of the given pair 
simply by varying A. As already stated the system of lines 
found is called a pencil of lines, whose base lines are 
liX + tnjy + ni—0a,ndl^ + m^ + n^=0 and having A as para- 
meter. The parameter of the first base line is A=0 and of 
the second A == oo . 
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It falk to be noted that the equation 
y-yi^m{x-x^ 
or {y-yi)-m(x-x^) = 0, 

is a simple case of what we have been dealing with. 

Here the equation represents a pencil of lines passing 
through the intersection of the lines y --yi = 0 and x-Xi===0. 

The point where these two base lines intersect is of course 
(®i) 2/i)j the vertex of the pencil. 

Example 1. — FM the eqmiioti to iJie straight line which joins the 
origin to the intersection of the lines 2x-5y+4t = 0 and ix-y-\-l=0. 
The line 2i-5!/+4+X (3i:-y+l) = 0 passe.? through the inter- 
section of the given pair. 

It also passes through the origin if 4 + X(l) = 0, 

.-. X = - 4. 

The required equation is therefore 

2x - 6!/-f 4 - 4(3x - ^ + 1) = 0 
or 10x-t-j/ = 0. 

Note. — The two given lines intersect at the point ( - 
which plainly lies on 10x-|-y = 0. 


Example 2. — Find the eqttaikm to the straight line which passes 
ihrongh the intersection of the lines x-2y -S anrf 3x-y = 4. and has 
a gradiervt of |. 

X - 2i/ - 3-t-X(3x - y - 4) = 0 is the equation to a straight Une 
passing through the intersection of the given pair. On collecting 
terms we have 

(l+3X)x-(2+X)y-(3-f4X) = 0. 


The gradient of this lino is 


l+Sx 

2+X’ 


1+3X^3 
2-1-X 4' 

Whence X = j, 

.-. x-2y-3-|-4 (3x-y-4) = 0, 
which gives 3x - 4y - 7 = 0. 


Example 3.~Find the equation to the straight line which is per- 
pendicular to 5x-\-2y - 3 = 0 and passes through the intersection of the 
lines 2x-4y -1-3 = 0 and x-y = 2. 

Since the required line is perpendicular to 5x-\-2y -3 = 0 its 
gradient is (Chap. III.). 
liOt ite equation be 

2x-4y-l-3-)-X (x-y-2)=0, 

•. (2-|-X)x-(4-t-X)y-(-(3-2X) = 0. 
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2-4- \ 

The graxiient of this line is 

2+X_2 

4+X~5’ 

X= -f. 

The equation sought is by the usual process 
4a;-10.y+13-0. 


Example 4 . — A straight line is draim cutting the axes at A and B, 
G is the mid-point of AB. Through C a parallel is drawn to XX', 
through B a parallel is drawn to OC, and through 0 a parallel is drawn 
to AB. Prove that these three tines are concurrent. 

Let A = {a, o), B=(o, h), and there- 
foreO^g, *). 

The equation to AB is 


• 4 I — 0 is the e(|uation to .i lino 

a b ‘ 

through 0 parallel to AB (Chap. III.). 

The gradient of OG is 

.-. y = ^x+b is the equation to a straight line through B parallel 
to OG (Chap. III.). 

On simplifying these two equation.s we have 

bx+ay~() . . . . (1) 

and hx - ai/A ah ~i) . . . (2). 

.'. (bxAay)~{hx-ayAab)=-t)fXoUi. - 1 ) is the equation to a 
lino through their point of intersection. 

This gives 2ay -ab - 0, 

b 

ory = 2- 

But this last equ.ation is that of the .straight line through G 
parallel to XX'. 

Hence the three lines are concurrent. 



VII. MISCELLANEOUS EXAMPLES 

Example 1. — Two parallel straight lines cut the axes at A, B, A' and 
B' respectively. If L and L' are the mid-points of AB and A'B' 
respectively prove O, L and L' collinear. 

Let the equation to AB be 


L 
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2 2 2 2 
2»/ - 6 _ 2x-n 

2v-h 2x- a 
“ 6 "" a ’ 


which gives b~ a 

This equation shows that LL' passes through 0. 


Example 2. — Tangents are drawn to the circle x^-{y^-a^ at the 
points {xi, 2 /i) and {x^, y^) lying on it. Prove that the line joining 0 to 
their point of intersection is perpendicular to the chord of contact. 

The tajigent at (*i, j/j) is xXi+yyi = a^. 

The tangent at (xj, y^j is xx 2 +yy 2 = a\ 

(aaq+j/ 2 /i - o^)+X {xx^+yy 2 -a^) = 0 is a line passing through 
their point of intersection. (Art. VI.) 

It passes through the origin if - o® - \a‘ = 0. 

That is, if X = - I, 

■ {»a:i+2/yi - a“) - (^+m - -0, 

••• (xi-X2)x+(yi-y2)y = 0. 


The gradient of the line is - 

A. V J 

The gradient of the chord of contact which joins (xi, i/i) and 
K. y.) is I? (Chap. III.). 

■Cl *8 

The product of the gradients is - 1. 

Therefore the two lines are perpendicular. 


Example 3. — In the accompanying figure OACB is a recdangle. 
LEQ aru^MEP are perpendici^rs to the axes. Prove BP, AQ, and 
OE conairrent. 

Let o) and As (a, o). 
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Let M={o,m) and B={o, h), 

P={a, m), Q={1, b), and B=(l, m). 

* The equation to AQ is 

f = ^ (Art. III.). 
bl-a 

The equation to BP is 
y-b^x^ 
m-b a 

On arranging these equations we have 





bx-(l- a)y -ab~0 
and {m -b)x- ay J ab = 0. 

{(6a: -{I- a)y - a6} + {{tn - b)x - ay-\-ab\ =0 is the equation to a 
straight line passing through the point of intersection of AQ and BP. 
Simplification of this last equation gives 
mx -ly = 0 


This is the equation to OE. 

Hence AQ, BP and OE are concurrent. 


Example 4. — A variable atraighi line is drawn so as to pass between 
the points P=(l, 1) and Q={5, 6). If the ratio of the perpendiculars 
from P and Q to the line, be abvays 1 ; 2, prove that it passes through a 
fixed point. 

Let the equation to the variable 





X 


line bo 

y=mx^c . ( 1 ). 

PN= (numerically: 

Chap. IV.). 


and QM= 


5m - 6+c 

V^TO^ + 1 


But 


PN 

PM 


1 

2 ’ 


Now these two expressions must 
have contrary signs since P and Q lie on 
opposite sides of the line (Chap. IV.). 


Whence c= 4 -|to, 


1_ m-ld-c 
2 fim-O+c" 


y=mx-\-i: -Jm (by substitution in (I)) 
or y-4=?»(*-D- 
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Henoe the variable line always passes through the fixed point 
a, 4) (Art. II.). 


Example 6. — A alraight line cuts the axes aiAm(4,0) and R = (0, 3)» 
On AB a square ABCD is drawn so as io he turned away from O. 00 
and OD cut AB ai, E and F respectively. The perpendicular from 
E to AB cuts YY' at 0, and that from F cuts XX' at H. Prove GH 
parallel to AB. 



It can easily be proved that 
triangles AND, OAB, and BMC are 
congruent. 

.-. ND^B3I^OA=^4 
and AN^MC = OB^S, 

ON = l and Oil = 7, 

D = (7, 4) and C'=(3, 7). 
Hence the equation to 00 is 

3 = ^ or 7x-3y-.0. 

But the equation to A B is 


= 1 or 3 .c + 42/_12. 

■x O 


Therefore 3.(.+4,)/- 12 + X(7a:- 3y) = 0 is a line through tlie inter- 
section of A B and 00. 

It is perpendicular to AB if its gradient is ■; (Cha 2 >. III.). 
Arranging last equation we have 

(3 + 7\)x l-(4-3\)g- 12 = 0. 

Hence if this is the equation to EG wo must have 
3“l-7X 4 ,, j. 

- 4 _ 3^ - 3 (by gradients), 

••• x= -V, 

.•. the equation to EG is 148x- llly + 108 = 0, 

G^(0, JJ}). 

Similarly 11 0), 

* 1 . A- , f nil- 108/111 3 

the gradient of GH is - j 92 /ii 8 = “ Y 

GH is parallel to AB. 


Example 6. — Through the fixed point A={h, k) a slraighJt line is 
drawn cutting XX' at P. Through the same point another line is 
drawn perpendicular to the first, cutting the y-axis at Q. Find the 
locus of the mid-point of PQ. 

Let the equation to AP be 

y -k=m(x -h) .... (1). 


Then the gradient of AQ will be — and its equation will be 


y-A=_i(*_A) 


. (2). 
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To find P we have from equation (1) 
that when y = Q then -k = m(x-h), 
mh - k 

. X — f 

m 


. - fe , o'j 


To find Q wo have from equation (2) 
that when x~0 then 

y-k=-, 

m 



Q=(o, 


Let Ii~{x', y') be the mid-point of PQ, 

by (3) and (4) a- ^ and y =- 2 — • 

Now m is a variable depending on the slope of tho variable line 
AP, therefore it must not appear in the equation to the locus. 

We have 2i»a:' —mh - k, giving 

^ " 2x^1 

and 2iny' -h+mk, giving 

h 

{2y'-ky 
-k _ h 
2x' - h 2j/' - <■’ 
or - ktfiy' -k)- h{2x' - h), 

that is 

The locus of y') is the straight line y- 2 ~ “^(*“ 2 )' 

It passes through 2 )>^l'*"n*id-point of OA.and is perpendicular 
k 

to OA, whose gradient is (Chap. III.). 

N.B. — R is the centre of a variable circle passing through O 
and A. 


RESUME 

1- ^ “ ?/i = - ®i) is th® equation to a straight line of 

gradient m passing through the point {x^, y^). 
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2. If m varies a “ pencil of lines ” having (a^, y^) as vertex 
is obtained. 

3_ — 1 = 1 — ^ jg the equation to a straight line passing 

through the points (a^, 2/i) S'*!*! Vi)- 

4. IjX + nijy + ni + \{l^ + m^ + n^) = 0 is the equation to a 
straight line passing through the intersection of the lines 

ljX + mjy + ni=0, 

Zjja: + + Wj = 0. 

6. If A. is niade to vary a pencil of lines results. A is called 
the “ parameter ’’ of the system. 


EXAMPLES 

1. Write down the equations to the straight lines which pass 
through the following pomts and have the gradients given. 

(i.) Point (4, 1): gradient ;. 

(ii.) Point ( - 3, 2) : gradient - * . 

(iii.) (-3-3, -2-8) : gradient f. 

(iv.) (2-5, - 1-4) : gradient - [ . 

Draw the first two lines. 

2. Work out the equation to a straight line which passes through 
the point (3, 1) and makes a negative intercept of 4 units on the 
y-axis. 

3. Through the point Dm(h, h) a straight line is drawn per- 
pendicular to OD. 

Write down its equation and find the points P and Q where it 
crosses the axes. 

4. Pisa variable point on the x-axis and Q one on they. axis. They 
are joined to the point H = (6, 3), and are such that PHQ is right 

Prove that the locus of the mid-point of PQ is a straight line. 

6. Work out the equations to the lines which join the following 
pairs of points. 

(i.) (1, 2) and (4, 6). 

(ii.) (-2, 3) and (4, 6). 

(iii.) (-5, -2) and (1,-1). 

(iv.) (h, k) and (o, 6). 

6. Draw members of the pencil of lines whose vertex is at the 
point ( - 3, 1) and show the values of the parameter. 

What are the base lines of the system and what values has the 
parameter in their case T 
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7. Write down the equation to a system of lines passing thi^dgh 
the intersection of the lines x-2y+l=0 and 3x-8y+9=:0. 

Find the parameters of the following members : 

(i.) That which passes through the origin. 

(ii) That which has a gradient of - f. 

(iii.) That which is parjJlel to the line 5x^2y = 12. 

(iv.) That which is perpendicular to the member through the 
origin. 

8. Write down the equation to a system of lines passing through 
the intersection of the lines 

2x - 5y = 3, 

3x+4y= 16. 

(i.) Which member of the system passes through the origin T 
(ii.) Which member is perpendicular to last line ? 

(iii.) Which member m^es a negative intercept of unit length 
on the x-axis ? 

(iv.) Which member has a gradient of J f 
(v.) Which member is parallel to the y-axis ? 

(vi.) Which members of the system make with the axes triangles 
whose areas are 12'5 sq. units ? 

(vii.) Through what point do all the members pass ? Verify the 
result for the straight Imes found above. 

Draw several members of the above system of lines, showing the 
values oi the parameter. 

9. Write down the equation to a system of hnes passing through 
the intersection of the lines x-f 2y = 9 and 3x-5y = 5. 

(i.) Wliioh member makes a positive intercept of 4 units oh the 
y-axis ? 

(li.) Which member is porpenchcular to last line ? 

(iii.) Find the area of the quadrilateral in the first quadrant fnade 
by these lines and the axes. 

Draw several members of the above pencil showing the values 
of the parameter. 

10. Prove that the medians of a right-angled triangle are con- 
current. 

11. Show that the following systems of points are collinear. 

(i.) (-1, -2), (3, 2) and (4, 3), 

(ii.) (-3, -1), (0,4) and (-6, -6), 

(ill.) (-6, 3), (2, 0) and (9-3). 

12. --|-r=l, *+t = M. and = are three straight linos 

abac a b 

which out the axes at A, B, Ai, and A^, B^ respectively. 

Provo that the mid-points of AB, AjB, and are ooUinear. 
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13. ABCD is a square. BA is produced to so that AE—AB. 
CE is joined and cuts AD at O. The diagonal AC is divided at F 
in the ratio 1 : 2. 

Prove that 0, F, and B are collinear. 

14. A point moves so that the ratio of the perpendiculars drawn 
from it to the two lines %x-5y —Vi and 3a:+4i/ = 16 is always 6. 
Prove that its locus is a straiglit line passing through the intersection 
of the given pair. (Art. VI.) 

16. Two parallel straight lines cut the axes at A, B and A', B' 
respectively. M is the mid-point of AB. Prove AB’, A'B and 
OM concurrent. 

16. The straight line 2x+y = ‘k cuts the axes at A and B. A 
triangle PQB is drawn such that the equation to PQ is ij— - 3, the 
equation to Qli is 2x+y= 12 and the equation to RP is - 1. 

Prove that PO, QA, and RB are concurrent. 

17. A lino is drawn through the point ( “ perpendicular to 

the line Px - fy-j-c-O. Prove that it passes through a fixed point 
for all values of t. 

(Hint. — Use Art. I., obtaining the gradient from the given line.) 

18. Find the condition that the following three lines bo con- 
current. 

a- |-2y ■= 9, 

3x-5y = .6, 
ax + IJy=l. 

19. OAB is a.triangle such that 0=r (o, o), A = (o, a), and B^{h, k). 
Find the equation to each of its altitudes and prove these three lines 
concurrent. 

20. In last example find also the equations to the fines joining 
each -vertex to the mid-point of the opposite side and so prove the 
.medians concurrent. 

21. ABCD is a square. Any line is drawn through A, and per- 
pendiculars DQ and BP are drawn to it. Parallels are drawn to the 
axes through P and Q so that a rectangle is formed. Prove that 
AC passes through one of its vertices and BD through the other. 

(Hint. — Take the equation to the line through A in gradient form.) 

22. Two adjacent sides of a rectangle are produced their own 
lengths. Prove that the extremities of these lines are collmear with 
a vertex of the rectangle. 

23. ABCD is a rectangle such that AB — h and AD = k. P, R, Q, 
and S are taken on AB, BC, CD, and DA respectively so that 
AP=p, BR = r, DQ-q, and AS = s. 

(i.) Take A as origin, AB and AD as axes of x and y respectively 
and work out the equations to PQ and RS. 
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(ii.) Prove that if theae lines intersect on BD then BP -81)= 
DQBB. 

(Hint. — Use Art. VI. and work out the two conditions that B and 
D lie on a line through their intersection. Between these eliminate 
the parameter.) 

(iii.) Show that if they intersect on AC then AP- RG = AS • QC. 

24. ABCH is a rectangle. Points K and L are taken on AB 
and AD respectively and through them parallels LEN and KEM 
are drawn to the sides. Prove that BM, DN and AE are concurrent. 

25. In the figure of last example prove also that LM, KN, and 
AC are concurrent. 

26. Prove for the figure of last example that LK, MN. and DB are 
concurrent. 

27. Any point R is taken on the bisector of XOY. 

A is a given point on OX and B on 0¥. 

AR meets OY in Q and BR meets OX in P. 

Prove that PQ passes through a fixed point on the bisector of 

X'&Y. 

28. ABC is a right - angled triangle whoso hypotenuse is BC. 
Squares are described externally on AB and AC. B is joined to the 
comer of the square on AO opposite to it and 0 to that of the square 
on AB opposite to it. Prove that these two lines intersect on the 
perpendicular to BC. 

29. Prove that the mid-points of the non-parallel sides of a 
trapezium and the intersection of its diagonals are collinear. 

30. Prove that the non-parallel sides, and the straight line 
joining the mid-points of the 2 )arallel sides of a trajjezium are con- 
current. 

31. ABCD is a rectangle. F is taken on AB and H on AD, and 
perpendiculars PEG and HEK are drawn to the opposite sides. 
Prove that the following systems of lines are concurrent. 

(1) DB, AK, and CF. 

(2) HC, BE, and AG. 

(3) BH, DF, and CE. 

(4) DK, BG, and AE. 

32. Any point P is taken on the bisector of XOY. PN is drawn 
perpendicular to OX. N is joined to the point Zf = {l, 3) and NH 
cuts OY at L. Prove that LP always passes through the point 
(1. 4). 



CHAPTER IX 

THE HOMOGENEOUS EQUATION OF THE SECOND DEGREE 
IN X AND y 

I. TAe degree of an equation. 

The degree of the product is ^ + g + r. 

For example the degree of x^z^ is the seventh. 

The presence of a numerical factor in the product does not 
affect its degree. 

Thus the degree of 5xPy9z' is still p + q + r. 

The degree of an equation is that of its highest term as defined 
above. 

For example the degree of the equation 
x® + 2a;g + 3i/* = 0 

is the third, since x* is the term of highest degree. 

Again the equation x^y + = 0 is of the fifth degree, 

the term of highest degree being a^y. 

II. Homogeneous equations. 

When all the terms of an equation are of the same degree it is 
said to he homogeneous. 

Thus the equation x® + 4x®y - 3xy® + 6^® = 0 is homogeneous 
since all its terms are of the third degree. 

Again the equation 6x® - 2x®z + igz® - 6xgz = 0 is a homo- 
geneous equation of the third degree in x, y, and z. 

Such an equation as 3x® — 4xy + = 0 is a homogeneous 

equation of the second degree in x and y. 

The equation ax^ + 2hxy + by*=0 is called the general homo- 
geneous equation of the second degree in x and y. 

In it a, h, and b are assigned numbers. 

164 



JIBT. ID 


INTRODUGTOBY EXAMPLES 


III. To discuss the equation 3*® + 6a5y + y®=0 and its graj^ 
We shall draw its graph from a:=-3toa!=+3. (Diagram 1.) 
We note with our first glance that the origin is a point on 
the graph. 

When x= -3 we have 27 - 15g-i-g^=0, which gives 
y = 12-91 or 2-09. 

When x= -2 then 12 — 10^ + y^ = 0, which gives 
y = 8-61 or 1-39. 

We notice that two values of y correspond to a given value 
of X. 

Proceeding as above we derive the following table : 

a I -3 I -2 I -1 ( 0 I 1 I 2 I 3 ] 

y^ 1 12-91 I 8-61 I 4-30 [ 0 j -4-30 [ -8-61 j -12-91 j 

y^ I 2-09 1 1-39 | -70 J 0 i --70 j”-!- 39^^:^2709- | 



DiaoBAu 1. 
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We see that the graph consists of two straight lines. 

It can be proved to do so very easily. 

Regard the given equation as a quadratic in y and solve in 
the usual way. 

We have y^ + 5xy + 3x^ = 0, 

-5*± 

■■■y- — 2 — 


-5x±x J13 
2 ■ 


The solutions therefore are 


- 6 + 713 
y = - ^ — a: 


and y= 


-5- 713 


• ( 1 ) 

• (2). 


Each of these equations is represented graphically by a 
straight line passing through the origin (Chap. II ). Their 
gradients are very nearly - -697 and - 4-303. 

On drawing their graphs they will be found to be the pair 
of lines already obtained. 

To impress these ideas we shall work out another example, 
say the graph of 2x^ -2xy -y^=0. 

We have y^ + 2xy-2x'^ = 0. 

Hence when a; = - 3, then 

«/*-6y-18 = 0, 
which gives ^ = 8-20 or -2-20 (nearly). 

Thus we see as before that two values of y correspond to an 
assigned value of x. 

Proceeding as above we have the following table. 


» I -3 I -2 I -1 1 0 I 1 I 2 I 3 

I 8-20 I 5-46 j 2-73 | 0 | -2-73 ( -5-46 j -8-20 

y, I -2-20 I -1-46 | -0-73 | 0 | 0-73 | 1-46 | 2-20 


On drawing the graph we obtain as before a pair of straight 
lines. (Diagram 2.) 
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We can prove that this must be so just as before 
Since + 2xy - 2x^ = 0. 

-2x± 

2 


y= 9 ={-l± n/ 3 )* 


The solutions are y = ( - 1 + ^3)^; and ?/ = ( - 1 - ^3)®. 

The graph of each of these equations is a straight line 
through the origin 

Their graph tables are appended and show that the straight 
lines are those already obtained. 

2/ = (-l+ n/3)x 

X I -3 I -2 I -1 I 0 I 
y I -220 I -1 46 I -073 1 0 I 
«/ = (-!- v/3)x 
= g| -3 I -2 I -1 |0| 
y ! 8 20 1 546 1 2-73 1 0 1 
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IV. A homogeneous equation of the second degree in x and y 
is graphically represented by a pair of straight lines passing 
through the origin. 

Let ax^ + 2hxij + = 0 be the homogeneous equation of the 

second degree in x and y. 

Regard it as a quadratic in y, 

hy^ + 2hxy + ax^ = 0, 




_ -2hx+ Jhhf^-iabx^ 


26 


-kx±x Jh^ - ah 

= I 

The solutions therefore are 

-h+ Jh^ - ah 
y= 1 X, 


j -h- Jh^-ab 
and y= X 


( 1 ) 


( 2 ). 


The graph of each of these equations is a straight lino through 
the origin. 

Hence the homogeneous equation ax^ + 2hxy + hy^=0 is 
graphically represented by a pair of lines passing through the 
origin. 

The gradients of the two branches of the graph are re- 
spectively 

-h+ Jh^-ab - -h- Jh^ — ab 
^ and 


(Chap. III.) 


Corollary . — The lines are perpendicular if 


-h+ Jh^-ab -h- Jh^-ab 


= - 1 (Chap. III.), 


that is, if 


that is, if 


A2-(6*-o6) 

62 


= -l, 


-=-l 

6 * 


which gives a + 6 = 0. 

Hence the lines representing ox* + 2hxy + 6y® =• 0 are at right 
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angles if tie algebraic sum of the coefficients of a* and k 
zero. 

Example 1. — Of what two straight lines is 3a;® - = 0 tha 

joint equation ? 

SolTing for X we have 

_ 6y± «y26y®+24v* 
a; g ; g- . 

The solutions are a: = 2y 

and x= -\y. 

Hence the two branches of the graph are the lines 
a:-2y=0 
and 3a;+y = 0. 

Example 2. — What two straight lines compose the graph of 
8a;®-22a:3/+15!/® = 0? 

Here as wherever possible we solve the equation by the method 
of factors. 

Factorising the left hand member of the equation wo have 
(2a:-3y)(4a;-5y) = 0, 

■ 2a;- 3y = 0 or ix-5y-0. 

These two equations are those of the required straight Imes. 

Example 3. — Prove from elementary principles and by the help of 
the corollary oj this article that the two straight lines which represent 
the equation lOx® - 2lxy - lOy® =0 are at right angles to one another. 

(i.) On factorismg we have 

(2a;-6y)(5a:+2y) = 0. 

■ The solutions are 

2a:-5y = 0 
and 5a;+2y — 0. 

In these equations the coefficients of x and y are interchanged 
and the sign of one of them reversed, which proves the lines at right 
angles. 

(ii.) Using the corollary of tins article we have the sum of the 
coefficients of x® and y® = 10 - 10 = 0. 

Hence the hues are perpendicular. 

Example 4. — Find the combined equation to the straight lines which 
pass through the origin and the points (2, 1) and (3, 4). 

(i.) By Chapters II. and VIIL the equations to the lines joining 
the origin and the points (2, 1) and (3, 4) are 
X - 2y = 0 and 4x- 3y = 0. 

Hence their combined equation is 

(x-2y)(4*-3y)=0, 

.•. 4x*- Hxy+0y*=O. 
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(ii.) AUter. — Let the required equation be ax^+2hxy-\-hy'^=Q. 

Then since (2, 1) and (3, 4) are points on the graph we have 

4a+4&+6 = 0 . . . (1), 

and 9a +244+166 = 0 . . . (2). 

Treating these as simultaneous equations in a and h we have 
a = f6 and 4= - 1^6. 

Hence on substituting in ax^-\-2hxy+by^-0 we have 
f6x* - y bxy+by^ = 0, 
whence 4tx^- ll»/+6i/- = 0 as before. 

Example 5. — Fi'nd the joint equation to two perpendicular straight 
lines which pass through the origin, if one of them passes through the 
point (1, 4). 

(i.) The equation to the straight line passing througli the origin 
and the point (1, 4) is 

4x-y = 0. 

Hence the line through the origin perjjendioular to it is 
a-+4y = 0. 

The joint equation is therefore 

4a’'^ H- 1 5xy -4y^ 0. 

(ii.) AUter. — Let their joint equation l)e 
ax^+2hxy I by^-U. 

Since they are perpendicular we have 

a+6 = 0 or 6 = -a (Cor. to present Art.), 

. •. a3c^4-2hxy - ay- - 0. 

Now (1, 4) is a point on the graph, 

.'. a+84 - 16a = 0, 

4= V®, 

ax^-y'j'oxy - ay^ = U, k 

whence 4x^ -j-lbxy - 4y'^ = 0. 


V. Ah equation giving the gradients of the two lines which 
constitute the graph of ax^ + 2hxy + by^ =0. 

Let P be a point on one branch of the graph. 



Draw PP'N perpendicular to OX 
(see figure). 

Let P3(a:i, y^) and P' = {Xi, y\). 
Then the gradients of the lines are 
NP NP' 

and , or what is the same 
thing ^ and -JtL- 
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Now we know that when we assign to x a value Xj iTl*llhe 
equation ax* + 2Ax«/ + 6i/®=0, then two values y■^^ and of y 
correspond. Hence the gradients are easily found. 

Further, if we divide both sides of tin equation by x® we 

have +2h^ + a=0. 

\rJ X 

This equation will therefore give the two ratios and 
that is to say, it gives the gradients of the lines. 

y 

If as usual we write m for , the gradient, then 

hm^ + 2hm + a = 0 
is the equation of the gradients. 

Corollary. — The lives are ferpendicular if a + b = 0. 

Let the roots of last equation be Wj and 1112 - These are 
therefore the gradients of the two lines. 

The lines are perpendicular if m^m 2 — - I, that is, if 

^=-1 (Chap. V. Art Vf property 2) 
or a + 6-0. 

This result was obtained in last article. 

Example 1.— Fmd the gradients of the lines 2x‘-8xy-{-iy^~0. 

On dividing throughout by we have 

3('2'y-8 5'+2^0, 

\x/ X 

.-. 3w*-8w+2=0. 

The solutions — ^found by the usual process — are m = 2-3874 or 
2792 (very nearly). 

These are the gradients of the lines. 

Corollary. — The slopes of the lines aro 67® 16’ and 15° 36'. 

Example 2 . — Prove from the equation of gradients that the lines 
3x‘ - 4xy - Zy^ = 0 are perpertdiadar. 

We have 3y*+4xy - 3a:“ = 0, 

...3py+4’'-3 = 0 

\x/ X 

or 3w*+4m -3 = 0. 

Let and be the gradients of the two constituent lines. 
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Then and are the roots of the last equation 

= - 1 . 

The lines are therefore perpendicular. 



VI. To find the angle hetween the straight lines 
ax^ + ^hxy + by^ = 0 

Let OL and OM be the two constituent lines of the graph. 

Let 6 be the angle between them, 
and let their gradients be and iWj 
respectively 
fl. Then 

tan e = (Chap III). 

1 + TOjm2 

Now the gradients of the bnes are 
given by the equation 

bm^ + 2hm + a = 0 (see last article). 
Therefore niy and wij are the roots of this equation. 

We have 

(m^ - Wj)* = 

= (»q + wij)^ - inijmi. 

But 

mi + m 2 ~ - ^ and (Chap V Art VI.), 

W 4ra 

.-. (mi-TO2)2=-^- ^ 

4(A^ - ab) 

^ • 

2 Jh^ - ab 


Again 


± ^ 

, , a a+b 

l+mjm2=i + ^= 

tan d— + — — , — . 

a + b 


Note . — In practice there will seldom be any need to pay 
attention to the sign of the formula. The arithmetical value 
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will give the aCute angle between the lines. A negative "’^alue 
would merely give the obtuse angle. 

Corollary 1. — The lines are cohicident if h^ = ah. 

The lines coincide when ^ — 0 and thiTclDre tan d~0. 

•• a + h ' ’ 

h“-ab — 0 or - ah 

Coroll/iry 2. — The lines are j)erpeiiiltcular if a + 6 = 0. 

If 6 = 90° then tan 6 = oo . 

2 /P-7S 

rt + 6 
rt + 6 = 0. 


Example 1. —Find the aeute angle belween the lines 
- (i.r// , 3y- - 0, 

from the equation of gradients and by formula. 

(i.) The equation of gradients is 3w-- 6 ot + 2 = 0 

,, , m,-m, 

lor $ we have tun i 

Now («‘i - >'> 2 ^ - (rnH mgf - im,m. 

2 

But Wj I W 2 = 2 and » 1 jW( 2 - 3 > 

• •• (W'l -«»2P = 4-^ =g, 

2 

.-. Ml - /«2 = ^3 (numoi'ically). 

2 .') 

Also 1 -'-'"j"*2 = 1+3 = 3 . 


. tan ^ = ^^ = -6928 (approx.), 

.-. 0 = 34° 43'. 

fii.) Use the formula : — In this example a = 2, 6= -3, and 6 = 3. 

2\/h^ - ab 
tan 0= ' , 

a+6 

2„'3 

■ 5 ’ 

• 0 = 34° 43' as before. 
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Example 2. — Prove by Corollary (1) and otherwise that the lines 
4a:“+20aiy+25^^ = 0 are coincident. 

(i.) We saw that the lines aa?+2hxy+by^ = 0 are coincident if 
h^ = ab. 

The lines 4a:“+20a:yH-25j/‘‘ = 0 will therefore be coincident if 
100 —100. Hence the lines coincide. 

(ii.) If we factorise the left-hand member we have 
{2x+5y)(2x-{5y) = 0, 
or (2a:-f 5y)^-0. 

‘The linos therefore coincide with the line 2.r-|-5)/ = 0. 

Note. — The lines composing the graph of the eqnnlion 
ax^-t-2hxy-l-by^ ^ 0 

will coincide when the factors of the expression ax^^c^hxg-\^hy'^ are 
equal. In other words, ax^-i 2hxy.\-by^ must be a perfect square. This 
is illustrated in the example. 

VII. Find the conihined equation to the straight lines joining 
the origin fa the intersections of the .straight line lx + my — 1 and 

the circle x" q" - n-. 

The analytical device now to 
he introduced is very important. 
Consider the equation 
a\lx ^wyY. 

ii is formed by multiplying 
the right-hand member of the 
equation to the circle, by the 
square of the left-hand member 
of the equation to the straight 
line which has the value 1 for all points on PQ (see figure). 

It is evident that the co-ordinates of the point P will satisfy 
the equation 

+ y^ — a^{lx + niyY. For let P:^{x’, y'). 

Then since P lies on the ciTclo 

.-. x’^ + y’^ = a^, 
and since P is also on the straight line 
lx' + my' —1. 

Hence a^ljx' -f my')^ 

= a*x 1 
==x'^ + y'^, 

which shows that P lies on the graph of x^ + y^ = a^lfx -i- my)^. 
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Similarly it may be proved that Q also is a point on Hia 
graph. 

If we simplify the equation we have 
x^ + y^ = + 2ltnxy + 

which gives (aH^-l)x^ + 2aHmxy + (ahrP-l)y^ = 0. 

Now this last equation is a homogeneous equation of the 
second degree in x and y, so that its graph is a pair of straight 
lines passing through the origin. 

We saw that P and Q lay on the graph, therefore 
J.2 + _ a^^ix + my)^ 

is the joint equation to OP and OQ. 

Retnark. — The eqwition to the straight line must he in the 
form lx 4 my = 1, that is to say the right-hand member must be + 1. 

Example 1. — Find the equation to the pair oj lines which join the 
origin to the intersections of the atraighi line 2x- 5y- 3 and the circle 

Since 2x-5y = 3, 

The equation to the pair of lines in question is therefore 
x^+y^ = mx- 
Which gives when simpJitied 

'tx'‘-mxy+9ly^ = 0. 

Example 2. — Find the combined equation to the pair of lines which 
join the origin to the intersections of the straight line a;+2?y = 20 and 
the circle a:^+ 2 /^ = 85. Find ivhere the straight Une cuts the circle and 
so verify that the equation obtained is the right one. 

(i.) We have x-Y2y -20, 

. xF2y_. 

•20 

.-. . . . ( 1 ). 

This is the joint equation to the two straight lines in question 
When simplified it becomes 63x^ - 68a;j/ + 12^* = 0. 

(ii.) Verification : —On solving the equations 
a:*'+y2 = 85 
and a:+2y=20 

we have the following solutions 

y I 


2 I 6 
9 1 r 
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The straight line outs the circle at the points (2, 9) and (6, 7). 

The point (2, 9) lies on the graph 

633^2 -68a^+12!/i‘ = 0 
if 252-1224 +972 ^0. 

Similarly it can be shown that the point (6, 7) lies on the graph. 
The origin obviously is on it. 


VIII. MISCELL.4NE0US EXAMPLES 

Example 1. — Find Ike orllbncentre of the triangle the equations to 
whose aides are - 3xy |-2//- -0 and .c+2y — 3. 

We have - 3j7y+2y- = 0, 

Hence the equations to OL 
.and OM are 

x-iy — Q and x-y = 0. 

Now X - y + \(x+2y -3) = 0 is 
the equation to a line which 
passes through the intt'rsection of 
OM and ML. 

X Collect terms, 

.-. (l-|-\)3;-(l-2\)y-3\ = 0. 
This line is perpendicular to 
X - 2?/ = 0 or OL if 
l(l+X)-2(l-2\)=0 (Chap. III. Art. L). 

Whence X = 1. 

The equation to the perpendicular from M to OL is therefore 
x-y-\l(x-\-2y-‘i)-i) 

or 2a:q-y-3-0 . . . . (1). 

Again, since the equation to ML is x f 2;/ = 3, therefore 2x-y = c 
is the equation to a line perpendicular to it (Chap. III.). 

When c = 0 the line passes through the origin. 

Hence 2x~y = 0 (2) is the equation to the perpendicular to ML 
from O. 

On solving equations (1) and (2) we find that (^, i)) is the ortho- 
centre of triangle OLM. 

Example 2. — Find the centroid of the triangle the equations to 
whose sides are 1234 - 20xy +7y- = 0 and 23:-3y+4 = 0. 

Since 12x^ - 20xy + 1y^=0, 

. ■ . (23; - y)(fix ~7y) = 0. 

The equations to the sides of the triangle are therefore 

2x-y=0 .... (1), 

63;-7y-0. . . . (2), 

and 23:- 3y +4 = 0 .... (3). 
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On solving these equations two and two we find that the vqiiticeB 
of the triangle are (0, 0), (1, 2), and (7, 6). 

The mid-point of (0, 0) and (1, 2) is (J, 1) (Chap. I.). Hence the 
equation to the median through (7, 6) is 

J:?=r6 («hap.MU.), 

whence lOi- ~ I3y= - 8 . . . (4). 

Similarly, the equation to the median through 0 is 

X-I/-0 (5). 

On solving equations (4) and (5) we have that the centroid of the 
triangle is {\ ^). 

Example 3. — Find ihe. conditinn lhal the line lx-\ my = \ may 
touch the circle ) y'‘ -a^. 

The equation y- = a\lx hmy)^ is the equation to a pair of 
lines passing through the origm .ind the interseetions of the line 
Ix+my — l with the circle x^+y- a- (Art. Vll.). 

Arranging the ocpiation we have 

{aH- - l)x^-f-2tt^/«u'(/ 

Now if Ix+tny^l touches the 
circle, then its points of intersec- 
tion with the latter are coincident. 

Hence the line.s joining them to 
the origin are coincident. 

The luics represented hy (1) 
must therefore coincide. 

.’. 4o*l"fn^ = 4(u-(- - l)(cr-7W- - 1), 
which gives 

or — ^ 

a- 

Cor. — The lines are at right angles if P + = 

The condition for perpendicularity is that the sum of the co- 
efficients of X® and y'^ be zero. 

.'. aH^ - 1 -1—0, 

2 

which gives F-l-m^ = ^. 

Note. — It follows that if OP and OQ are at right angles, then PQ 
touches the circle x^+y^ = ^- 


' (a^m- -{) . (1), 
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Example 4 . — Find the Icxms of the. intersection of tanigenis to a 
circle which are at right angles to one another. 

Let PQ and PR he two perpendicular tangents to the circle. 
Then OQ and OR must also be at right angles. 

Let the equation to the circle be 


r^-\-y^ = a^ and let P=^(x^, yt). 



The equatiori to QR is 

= (Chap. VI.), 

■ ■ ~ a^ 

The combined equation to OQ and 
OR IS therefore 



„2 ’ 


that is, a^x^ + a'^y^ = x^xf+y-yf + 

whence (*]* - o®)a^4-2*,yja:y-l (yf - a^)y^ - 0. 

Since these lines are perj)endicular the sum of the coefficients of 
x^ and y- is zero (Art. IV. Corollary). 

.•.xf+yf-'ia^ = 0. 

The locus of P==(xi, j/j) is the circle whose equation is 

2a\ 

(See page 97, Ex. 8, and page 111, Ex. 1.) 


RESUME 

1 . The degree of the product xfftz' is p + q + r. 

2. The degree of an equation is that of its term of highest 
degree. 

3. If the terms are aU of the same degree the equation is 
homogeneous. 

4. ax^ + '2hxy +hy^=0 is the general homogeneous equation 
of the second degree in x and y, and is graphically represented 
by a pair of straight lines passing through the origin. 

5. The equation 6(|) +2A|+a = 0 or bm^ + 2hm+a=0 
gives the gradients of the two branches of the graph. 
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6. The angle between the two lines is given by 


tan 6 = 


2 JP - ah 


~ a + b 

7. The lines are coincident if lfi=ah and at right angles if 
a + h = 0. 


EXAMPLES 

1. Draw the graphs ol the equations ‘ix^-{-2xy -y^ = Q and 

-lxy->r — 0. 

2. Find the area of the triangle formed by the graphs of 
‘ix^-{-4xy - 4y““0 and 5x - by 16=0. 

3. Find the individual equations of the straight lines of which 
the following are the combmed equations ; 

(i.) 5j,?+nxy-&y^ = {). 

(li.) 15x2 \-2-Zxy+8y^--0. 

(ui.) 6x2-5a?^ = 0. 

4. Show that the linos = 0 are coincident. 

5. Show that the pairs of lines — 0 and 6x2 + 5xy - Cy2 = 0 

include right angles (Ai't. IV. Corollary). 

6. Find h in order that the luies 4x2 25y^-0 may be 

coincident. 

7. Find b in order that the hnes 8 x 2 4 - 3 /iX 3 / + i)y 2 = () may be 
perpendicular. 

8. Write out the equations which give the gradients of the 
following lines (Art. V.). 

(i.) 3x2+4xy - 6y2 = 0. 

(ii.) 2x2-5xy+3y2^0. 

(iii.) 4a:2-7a;y-y2=--0. 

Find the slopes of the lines of the first equation. 

9. Find the acute angles between the following pairs of lines. 

* (i.) 3x2+4xy-2y2 = 0. 

(ii.) 4x2-8xy i-3y2 = 0. 

10. Obtain the acute angle between the lines Gx'‘ -Txy -20y^ — 0 
and verify the result by finding the slope of each lino from its equa- 
tion. 

11. Find the angles between the following pairs of lines. 

(i.) a:2-ftEy+9y2 = 0, 

(ii.) 4a;2-|-7a:y-4i/2 = 0. 

What do you conclude in each case ? 
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12. Find the median centre of the triangle formed by the lines 
8*® - 26a:y+16y“ = 0 and a;+y = 7. 

13. Find the orthocentre of the triangle formed by the Hnes 

5ar“-7a:y-6y® = 0 
ahd 3a:+7y = 26. 

14. Work out the combined equation to the straight lines through 
the points of intersection of the circle a;® +7/® = 9 with the straight 
line ‘ix-\-2y= 1. 

15. Find the acute angle between the pair of straight lines drawn 
from the origin to the intersections of the straight line 5x-2y+l =0 
with the circle + »/® = 12. 

16. Find the acute angle between the pair of linos which join the 

origin to the intersections of the straight line 2a:+y = 20 and the 
circle -85. 

17. Find the condition that the lino lx ]- my - 1 should touch the 
circle x®+ 2 /®- 8 (Art. VIII. Kx. 3). 

18. Find the condition that the chord cut oil from the line 
Ix+my-l by the circle x- r?/®-5 subtend a right angle nt the 
centre. 

19. Use the method of Example 4, Art. Vlll., to find the locus 
of the intersection of tangents to the eirch' x® ^ j/®'-20 which are at 
right angles to one another. 



CHAPTEE X 

THE CIENERAL EQUATION TO A CIRCLE 

I. Find the locus of a point which modes at a distance of a 
units from the fixed point (h, k). 

Let P=(x, y) be any 
point on the locus, and let 
G^{h,h). Then OP -a. 

Now 

CP^ = {x-hf + {y~kf 
(Chap. I.), 

{x - h)'^ + (y - k)^ = a'^ (1). 

This is the ei( nation to 
the locus of P = (oc, y). 

It is therefore the equa- 
tion to the circle whose centre is C^{li, k) and whose radius 
is a units. The equation is easily written down by equating 

Y 


4 

the square of the radius to the square of the distance between 
the points (x, y) and (A, A). 

ni 
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Note . — If we assign to a various values we shall obtain a 
system of concentric circles. If we take continuously decreas- 
ing values, then the circles will become smaller and smaller^ 
tending to the point 0 as a limit. (Second Fig. of this Art.) 

Hence when <t = 0 we say we have a “ point circle ” at (ft, ft). 
(Compare Chap. V. Art. I.) 

If we square out, and collect terms in equation (1), we have 
x^ + y^- 2hx - Iky + ft® + ft^ - a® — 0. 

In this result put ft= ~g, ft= -/, and ft® + ft® - a® = c, 

x^ + y^ + 2gx + 2fy + c — 0 . . (2). 

In this form the centre is at the point {-g, -/) since 
% = -g and ft= -/. 

We observe ; (i.) The equation is of the second degree in x 
and y, but is not homogeneous. 

(ii.) The coefficients of r® and y® are equal. 

(iii.) The term in xy is absent, or in other words the co- 
efficient of Xy is zero. 

These are the characteristics of the equation to every circle, 
as we shall prove in next article. 

Example 1. — Write down the equation to the circle whose centre is 
at the point (2, 5) and whose radius is 3 units. 

In this example ft = 2, ft = 5, and a — Z. 

. . . (1), 

.-. *® + ^®-42:-10?y-|-20^0 . . (2). 

Compare these results with the two forms of the equation in the 
main discussion. 

Example 2. — The centre of a circle is at the point ( - f , - J) and 
its radius is 2 units. Find its egpuUion. 

In this example ft = - f , ft = - f , and a = 2. 

• •• (*+f)®+(y+I)®=4 . . . (1), 

.-. 144a:® + 144^*+192a:+216y- 431=0 . (2). 

In this example we note that the coefficients of a:® and j/® are not 
1 but 144. 

We also point out that the two equations (1) and (2) correspond 
to the two general forms found in this article, namely, 
(a:-ft)®-i-(V-fc)® = a*, 
and x^+y^+2gx+2fyWo = ii. 
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II. The graph of the equation x^ + y^ + 2gx + 2fy + e = Q 
circle. 

We can write the equation thus 

(a;2 + 2gx) + ( 1 / + 2fy) = - c 

If we add g^ to x^ + 2gx and P to y^ + 2fy we make these 
expressions complete squares. 

Add, tlien, + P to both sides of the equation. 

.■.{x^ + 2gx+g^) + (p + 2fy +p) =g^+P- c, 

{x+gY + (y +/)^ = g^ +P -c = constant. 

This equation states 
that the square of the 
distance between the vari- 
able point {x, y) and the 
fixed point ( - g, -/) is 
constant. 

Hence the distance 
between these points is 
constant. 

The locus of (x, y) — 
that is, the graph of the equation x'^ + ip + 2gx + 2f!i + c = 0 — 
is therefore a circle with centre 

( -9i -/) and radius Jg^ +P - c. 

Note that the co-ordinates of the centre are half the co- 
efficients of X and y with the signs reversed. 

Corollary. — kx^ + ky^ + 2gx + 2fy + c — 0 is the equation to a 
circle. 



Divide both sides by k, 


An equation such as this we have just shown to be that of 

-9 _ 
k’ 

The form of the equation in the corollary arises when the 
co-ordinates of the centre are fractions. 


a circle with its centre at the point ^ 



Remark. — In all ow theory tee shall assume that the equation 
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to the circle has been arranged so as to have unity for the 
coeffidertls of a:* and y^. 

Example 1. — Find the centre and radius of the circle 
3:^+2/®+ 63; - 4^ - 3 = 6. 

We have (3:^+6x) + (^* -4^) = 3, 

■ (3:*+6ar+9)4-(j7^-4j/ f 4)-9+4H-3, 

(3: + 3)H(j/-2)*=16. 

Hence the point (3;, y) moves at a distance of 4 units from the 
point ( - 3, 2). 

The centre of the circle is therefore at the point ( - 3, 2), and its 
radius is 4 units. 

Example 2. — Find the centre and radius of the circle 
j;2 + ^3_23:-i0 = 0. 

We have (x^ - 23;) > y~ - 10, 

y^=l + 10, 

.•. (x-l)H(2i-0)^-ll. 

The centre is at the point (1, 0) and the radius is units. 

Example 3. — The centre of a circle is at the point (3, 4) and it 
passes through the origin, find its equation. 

(i.) Let a be the radius of the circle. 

Then since (3, 4) is its centre we have (» - 3)“ + (*/ - 4)® = 

But the origin lies on it, 

.-. 3^* f4* = a2, 

.-. (x-Zf+(y-4:f = 25. 

(ii.) Aliter. — If C={3, 4) is the centre, then 06’ is a radius of the 
circle. 

Now 06'2 = 9416 

= 25, 

.-. OC = 5. 

The equation to the circle is therefore 

(3;-3)»+{y-4)* = 25 (Art. L), 

3:'*+^* - 63;- 8»/ = 0 as before. 

III. Intersections of a straight line and a circle. 

The procedure is exactly the same as in the simpler case, 
when the origin was the centre of the circle. 

Examples will make this clear. 

Example 1. — Find the intersections of the straight line y = 23/+l 
and the circle x^+y^ - 33:+2j/- 4 = 0. 

Eliminate y, 

.-. x‘+l2x+lf-3z+2(2x+l)-4=0, 

.-. 53;’*+53:-1=0, 

3- = '17 or -1'17 (nearly). 
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Xhe values of y corresponding are obtained from the onualion 
y = 2x+\. They are 

^ = 1-34 or - 1-34. 

The points of intersection are (-17, 1-34) and ( - 1-17, - 1-34). 

Example 2. — Show that the straight line fit i-22/ = l8 touches the 
circle a;^-|-^‘‘+i-6y+2-0. 

Since 5a: + 2y — 18, 

18 -Sj- 

••• y= . 


Substitute for y in the equation to the circle. 


{i&-5xy 


+x 


6(18 -5.£) 


4 


- 0 , 


29x2-116a: + lH) 0, 
x^-4x+4: - 0 , 


(r-2)2 = 0. 

Since both values of x are the same, it follows that the straight 
line outs the circle in tw o coincident points. It is therefore a tangent. 


IV. The common chord, and points of intersection of two 
circles. 





Let the equations to two circles be 

+ 1/2 + 2,9, X + 2/,9 + c, = 0, 

and x^ + y‘^ + + 2 f^ + Cg = 0. 

Let them intersect at the points (x,, yfi and (Xg, yf) 
Then since (x,, 9,) is a point on both circles we have 
+ Vi + + 2/1^1 + Cl = 0 , 

and Xj2 + + 2 ig^ + 2/291 + Cj = 0. 
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Subtract, 

••• 2(/i-/i)2^1 + (Ci-C2) = 0. 

Similarly 

2(5^1 - + 2(/j + (cj - Cj) = 0. 

These two equations show us that the points (xj, y^) and 
(Xj, yj) lie on the straight line + 2(f^ -f^)y + (cj - c^) = 0. 

In other words, this is the equation to their join. 

But since by hypothesis the points lie on the circles, therefore 
this is the equation to the common chord. 

We remark that the equation of the common chord is found, 
simply by subtracting the equations to the two circles, it being 
understood that the coefficients of and are, or have been 
made, unity. 

It should now be obvious how to find the co-ordinates of 
the points of intersection of two circles. The equation to the 
common chord having been found, it merely remains to find 
where this line cuts one of the circles. It will do so in two 
points real, coincident, or imaginary like any other straight 
line. It follows therefore that two circles intersect in two 
points real, coincident, or imaginary. 


Example 1. — F%wl the equation to the common chord, and the 
points of inUrsection of the two circles )-a;-4y-ll=0 and 

- llx- 14y-f-3 -0. 

(i.) Subtract the second equation from the tiist, and we have the 
equation to the common chord. 

It is IZarl-IOf/- 14 =0 

oi ex+.'iv-T -0. 

(ii.) To find where the circles intersect we shall find where the 
common chord cuts the first one. 

Prom last equation we have 

7-6* 

y= ^ • 


By substitution in the equation - 4y - 11 =0 we have 

^ 4(7 - 6ar) 




'- 11 = 0 . 


.". x^+x- 6 = 0 , 

x=2 or - 3. 

From the equation to the common chord we have 
y= - 1 or 6. 
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The points of intersection of the two circles are (2, - I)^nd 
(-3, 5). 

Example 2 . — Show thal the circles a:® - 8a: - 4y + 10 = 0 and 
x‘‘-\-y^ - 10a: - 10y+10 = 0 towch each other. 

On subtracting the two equations we lincl that the equation to 
their common chord is 

2a:+6y = 0. 

That is, a:=-3// .... (1). 

Substitute for x in the equation 

a;^ +?/* - 8a; - 4 j/4-10 = 0, 

.'. 9j/^+^^+24y-4y-|-10 = 0. 

Whence y“+2y-\-\— 0, 

(y l-l)“ = 0. 

Hence both values of y are - 1. 

The lino therefore cuts the circle in two coincident points. 

Tt follows that the circles intersect m these two coincident points. 

The equation to the common chord gives us a:= +3, when 

y= - 1- 

The circles therefore touch at the point (3, - 1). 

Example 3. — Prove that the circles \ y^-‘ix+2y-l=0 and 
x^-\-y^ - ixi-yp3 = 0 have no real points of intersection. 

The equation to the common chord is 
a:+p-4 = 0, 

.-. y-4-x. 

Substitute in the equation 

yJ - 3a' f 2?/ - 1 =0, 

2a:* -13a: |-23 = 0, 

13±V-l5 

.• x = 

4 

The number under the radical being negative the values of x are 
unreal, hence the points of intersection are imaginary. 

V. Find the equation to the pair of lines joining the origin to 
the intersections of the line lx ¥ my = 1 and the circle 
x^ + y^ + 2gx + 2fy + c = 0. 

Consider the equation 

x^ + y^ + 2{gx+fy){lx + niy) + c{lx + my)^ = 0 . (1). 

We see that it is formed by using the left-hand member of 
the linear equation to render all parts of the equation to the 
circle, homogeneous and of the second degree. 

Now any point that satisfies both the equation to the line 
and the equation to the circle will satisfy last equation. 

N 
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For let the line and the circle intersect at a point y^. 

If this is a point on the last locus, then must 

+ y\ + 2(9'®! +fyi){lx^ + my^ + 0(1*^ + my-^^ = 0. 

But Ixi + my^ = 1 , so it follows that we must have 
+ Vi + 2(9'*i +/^i) + c - 0, 
which is true since (ajj, y^ lies on the circle. 

Simplify equation (1) and collect terms, 

(1 + 2gl + cP)x^ + 2,{gm + If + clm)xy + (1 +2fm->-ciu^)y^ = 0. 

This equation is homogeneous and of the second degree in 
X and y. 

It is therefore the equation to a pair of straight linos passing 
through 0 . 

We have already shown that they pass through the inter- 
sections of the straight line and the circle. 

No more than the principle of this article should be re- 
membered. 

Exampi.e . — Find the cqitafton to the pair of lina joining the origin 
to the intersections of the straight line 3.r -2y-2 and the circle 
x^+y‘ - 6x - 41/ - 40 = 0. 

TTr 1 3a;-2(/ - 

We have - 2 =1, 

z^+y^ - 2(Sx+2y)^^^^ - 40 <'‘^* = 0 , 

• 4(a;^-f 2 / 2 ) - 4(9j:2 - 4 y 2 ) _ 40(3r - 2y)^ = 0, 

whence 98x2- I20xi/ + 351/2=0. 


VI. MISCELLANEOUS EXAMPLES 

Example 1.- — Find the equation to the circle which passes through 
the three points (6, 0), ( - 4, 0), and (0, 8). 

Let the equation to the circle be 

-I- 2/® + 2^® -I- 2/2/ 4- c = 0. 

Then since the points (6, 0), ( - 4, 0), and (0, 8) lie on it we have 
36 + 12flF+c = 0 . . . (1), 

16- 8y-fc = 0 . . . (2), 

64-l-16/+c = 0 . . . (3). 

On solving equations (1) and (2) we have 
g= - 1 and c= - 24. 
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Equation (3) then gives u8/= - 4. 

The equation to the circle is therefore 

- 2a;- Sy- 24 = 0. 

Example 2.- — Find the, equation to a ciicle passing through three 
given points not in a straight line. 

Let {x^, 1/1), (x^, 2/2), and (x^, y^) be three points not in a straight 
line. 

Let a;^+_;y2+2gr2;+2/^-)-c = 0 be the equation to the circle passing 
through them. 

We notice that there are three constants in the equation to the 
circle, and we have to show how these are determined when three 
points are assigned. 

Since the three points lie on the circle, 

Xi^+yi~A 2gxi+2fy^-i C-0 . . (1), 

^2^+ 23x2 L 2/2/2 fc-0 • • (2), 

x,'M +2/2/1 -t c -0 ■ ■ ( 3 ). 

We now have three linear equations in g, /, and r, which are 
therefore uniquely dotennmod. (Compare Example 1.) 

Example 3. — Through the point II (4, 2) <1 line n drawn per- 
pendicular to OH, cutting OX and OY at A and B respectively. The 
line x=l cuts AB at P. PN is perpendicular to OX and PM to OY. 
Prove that MN is a common tangent to the circles through H, M, and B, 
and H, N, and A. 

The gradient of OH is L therefore 
that of AB is - 4 01 - 2. 

The equation to AB is therefore 

y-2 — - 2(x - 4) (Chap. IX.), 

2x+2/=10, 

.-. A = (5, 0) and B--(0, 10). 

The line x = 1 cuts 2x + 1/ = 10 where 
x = l and y = 8. 

Hence we have 

B=(l, 8), ilf=(0, 8), iV-(l, 0). 

We must now find the equation to 
the circle through Hs(4, 2),M={0, 8), 
and B=(0, 10). 

Let the equation be 

x^+y^+2gx+2fy+r = 0. 

Then since (4, 2) lies on it, 

.-. 16+4+8(/d 4/+c = 0, 

.-. 8?+4/+c= -20 . . . (1). 

Similarly, since (0, 8) and (0, 10) lie on it, 

16/+c=-64 .... (2), 

and 20/+c= - 100 .... (3). 
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On solving the last two equations wo have 
/= -9 and c — 80. 

Equation (1) then gives us -8. 

The equation to the circle is therefore 

a;2+3/“-16ic-l8y+80 = 0 . . . (4). 

Now the equation to MN is 

•^+^ = 1 (Chap. III.) 

or 8a: 1 1/= 8 . . . . (5). 

We have to show that this lino cuts the circle in tuo coincident 
points. 

Equation (5) gives us 

2/ = 8 - 8x. 

Substitute in equation (4). 

.-. a;2+(8- 81)2 -16a:- 18(8 -8r) (-70-0, 
a;2^0, 

. • . both values of x are sero. 

Hence MN cuts the circle in two coincident points. 

By equation (5) when a- = 0, y = 8. 

Thus the point of contact is (0, 8) or M. 

Similarly, MN can be shown <.o touch the circle through H, N and 
A at N. 

Example 4. — B is a fixed point on the y-axis. Through 0 and B 
lineB are drawn, at right angles to one another. Find the locals of their 
intersection. 

Let the lines intersect at P=(.t, y). 

Let B={o, h). 

The gradient of OP is 

The gradient of BP is 

But OP and BP arc at right angles, 

.•.^x^-^=-l, 

X X 

7 * by* - 6y =0. 

The locus of H is a circle whose centre is at the mid-point of OB. 

is taken on the x-axis and a circle is 
descrihed having this point as cenire. 
Any point P is taken on the ciroum- 
fererux. Find the locus of the mid- 
point of OP. 

Let Q be the mid-point of OP- 
Lot P={Xj, yf) and Q^fx', y'). 
Then 

Xj = 2x' and = 2y' 

Let 0=(g, o). 


Example 5 . — A point C 



( 1 ). 
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Then iihe equation to the circle will be 

+y^ -2gx+c = Q (Art. 11. ). 

But P lies on the circle. 

.-. fc 0 

.-. {2x'f+{2y'f■~2g{2x')^ c = 0 (by (1)), 
which gives 4a:'^+4y'“-4ja:'+c = 0. 

The locus of Q={x', y’) is the ciicle whose equation is 
ix^-\-iy- - 45rr+c = 0. • 

Its centre is at the point 

Exampi*e 6. — Find the equation to the circle on the join of A = [x^,y^) 
and B=(x^, i/j) as diameter. 

Let P={x, y) be any point on the locu.s. 

Then the gradient of AP is ^ and that of BP is ^ 

Now AP lb perpendicular to BP by the geometry of a circle. 

' ' X xf x-x^ ’ 

{y - yi){y - yt) l-(^ - -x^) = 0 is the required equation. 

If we multiply out and collect teims we iiavo 

x^+y^-{Xi i-Xi)x-(yi \-y2)y+XiX;,+y,yi^0. 

The_method of this example should be remeiubered, but not the 
equation. 

Example 7. — A and B are tvx) Jixed points. P moves so that 
AP = 3BP. Find the locus of P. 

Take AB as axis of x and its right 
bisector as axis of y. 

Let AB = 2a so that A = (-a, o) and 
B={a, o). 

Let Ps(x, y). 

Now AP = 3BP. 

.-. AP^^2BP\ 

(x-\-af+y^^^\(x - af^-y'‘\. 

Whence 8x“ + 8y“ - 20ax + 8a‘‘ = 0. 

The locus of P IS therefore the circle 

2x^+2y* - 5ax+2a^ = 0. 

Example 8. — Chords of a circle are drawn through a fixed point B. 
Find the locus of their mid-pomts. 

Let O be the centre of the circle, a its radius. 

Take OB as axis of y. 

Let PQ be any chdrd which passes through B, and let R be its mid- 
point. 

Let P=(xi, yf), ^ = (xj, y,), and R=(x', y'). 
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The equation to PQ will be 
y~mx-\-'b ^Chap. III.). 

The equation to the circle is 

We have as usual 3? + {mx+b)^=:a^ 
by elimination of y. 

(\+m.^)x^ + '2,lnnx+h^ - a^ = Q. 
Now and x^ are the roots of this 
equation, 

, 2bm 

,_Xi+x^_ _ bm 

.-.a- - 2 - “ • 

But y' = wx'+b since i? is a point on PQ. 

, _ bm- b 

Now TO, the parameter of the pencil of chords, must not appear in 
the equation to the locus. 

Kesults (1) and (2) give us 


(I). 


( 2 ). 


Again, since y' = mx' \-h, 


y 


,= -m 


_y' -b 


TO 

X 

= - % (by 3 and 4), 
x' y ' 


(3) . 

( 4 ) , 


x'^+y'^-by'=0. 

The locus of R = (x', y') is the circle x^-\-y^ - 


6y = 0. 


Example 9. — A straight line cuts XX' at A and TT' at B. 
line perpendicular to it cuts the x-ards at P and the y-axis at Q. 
the locus of the intersedion of AQ and PB. 

Let A~(a, o), Bs(o, b), and B = {x', y'). 

The equation to AB is 

^+^=1. 

a 0 

.•. -^+^ = fcis the equation to a line PQ 

perpendicular to it (Chap. III.). 

.-. P={-bk, o) and Q=(o, ak), 

.•. AQ=-+ ?? =1 or kx+y = ak, 
a ak 

and BP= = 4 ^~kf= -(>*• 


Any 

Find 




ABT. VI 


EXAMPLES 


Now B=(x', y') lies on these lines, 

kx'-\-y' — ak . 
and x' - ky' = -bk 
Eliminate the line variable k. 

By (1) we have ^ — ^ by (2) k= -r -j. 

. y' = 

' ‘ a- x' y' -b' 

which gives x'^+y'^-ax'-by' — O. 

The locus of R={x', y') is the circle x‘-ky^-ax-by = 0. 


m 




( 1 ) 

( 2 ). 


RESUME 

1. The equation to the circle with centre {h, k) and radius 
a units is (x - h)^ + (y - ^)^ = a*. 

Cor. — (x -h)^ + (y-k)^ = Oiii the equation to a point circle at 
(h, k). 

2. x^ + y^ + 2yx + 2fy + c = 0 is the equation to a circle tehose 
centre is at the point (-g, -f). 

3. The equation to the common chord of two circles is found 
by subtracting the equations of the circles, in which the co- 
efficients of and must be unity. 

i. The points of intersection of two circles are obtained by 
finding where the common chord cuts one of them. 


EXAMPLES 

1. Find the locus of a point which moves at a distance of 4 units 
from the point (5, 3). 

2. Work out the equations of the following circles. 

(i.) Centre (4, 2) : radius 3 units. 

(ii.) Centre ( - 6, 5) : radius 2 units. 

(iii.) Centre (0, 3) : radius 5 units. 

(iv.) Centre ( -2, 0) : radius 4 units. 

3. Obtain ab initio as in Article II. the centres and radii of the 
following circles : 

(i.) x^+y^ -2x-&y+& — 0, 

(ii.) a:*-)-y'‘-f4r-8y4-ll =0, 

(iii.) a^-t-y*-6x-l-8y = 0, 

(iv.) 6x®-(-6y* - 16x+2(ty= 15. 
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4. Find the area of the circles : 

(i.) - 12r - 5=0, 

(ii.) 42;®+4^*-20r+242/ + l = 0. 

6. Write down the equation to the system of concentric circles 
whose centre is the point ( - 5, 2). Obtain the equation to the 
point member of the family. 

6. Find the equation to the point member of the concentric 
system drawn round the point (3, - 1). 

7. The centre of a circle is at the point ( - 3, 4), and it passes 
throiigh the origin. Find its equation. 

8. CSrcles of fixed area are drawn so that all their circumferences 
contain a given point. Find the locus of their centres. 

9. A circle of radius 6 units is drawn through the origin and has 
its centre at a distance of 4 units from YY' and on the positive side 
of it. Show that two circles can be drawn and find their equations. 

10. Find the equation to the circle on the join of the points 
(6, 2) and ( - 1, 4) as diameter. 

(Use the condition WiWj - - 1 for perpendicular lines as in 
Ex. 6, Art. VI.) 

11. Any line is drawn through the pouit (0, 3) and a perpendicular 
is drawn to it from the origin. Find the locus of the foot of the 
perpendicular. (Art. VI., Ex. 4.) 

12. AB ia a given straight line. F is a variable point such that 
the square on AP is equal in area to A APB. Prove that the locus 
of P is a circle. 

13. C'A and CB are two perpendicular lines of given length. P 
is a variable point such that the square on CP is equal in area to 
the quadrilateral CAPB. Prove the locus of F a circle. 

14. A circle passes through two fixed points A and B and has its 
centre at a point C, on the right bisector of AB. 

Take AB as axis of x and its right bisector as axis of y. Let 
A = (a,o),B~(- a, o), and C:b{o, c). Work out the equation to the 
circle. 

15. A point is taken on the x-axis and a system of concentric 
circles is drawn round it. Tangents are drawn from the origin to 
the members of the family. Prove that the locus of the points of 
contact is a circle. 

{Hint . — Use the fact that the tangent is perpendicular to the 
corresponding radius.) 

16. A circle is drawn with centre (0, 6) and radius 2 units. F is 
a variable point on it. Q is taken on OF so that OQ = 30F. Find 
the locus of Q (Art. VI., Ex. 6). 
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17. Find the points ot intersection of the straight line y = 2x-l 
with the circle -5x- 3y+6=0. 

18. Find where the circle a?+^-4«+»/ = 27 cuts the straight 
line 3i-4y + 17 = 0. 

What is the length of the chord cut off and where is its mid-point T 

19. Prove that the straight line 3a: = !/-(- 13 touches the circle 

- 6y+3 = 0 and find the point of contact. 

Draw the graphs. 

20. Show that the line 8x-(-31?/= 100 touches the circle 

da:® t-4y^-!-32z - y — Q 
and find the point of contact. 

21. Show that the line 2a:-3y+12 = 0 does not cut the circle 
x^+y’‘ + 6x i-l(k/+20=0. 

22. T'he circle + 2pxH-2y.y fc -0 cuts XX' at two points 

A and B. Find the value of OA ■ OB and so obtain tlio length of the/ 
tangent from 0 to the circle. / 

23. Find the common chord and points of intersection of tW ' 

circles 12j/-hl4'=0 and a:® 1 p®- 14a:+6t/-22 = 0. ' 

24. Find the common chord and points of intersection of 

circles - 14a; - 6i/-i 32^0 and a:®-|-i/®4 4x- 18p-l 20 = 0. 

25. Show that the ch'oles 

x®+i/® - 12x - 82/-f42=0 and 9x®-i-9^®4-18a - 30p - 126 = 0 
touch each other and find the point of contact. 


26. Prove that the circles 

a:®+ 2 /®- 12a: -3p - 18 = 0 and r4a:-|-9p+I8 = 0 

touch at the point (0, - 3) and find the equation to the comi^ 
tangent. 

27. In the last four examples find the equation to the linej 
centres of each pair of circles. 

Find also the distance between the centres. 

28. Find the equation to the circuin-circle of the triangle wh(j 
vertices are (0, 0), (1, 4), and (3, 0). 

29. Find the area of the circum-circle of the triangle whd 
vertices are the points (0, - 1), (0, 2), (3, 4). 

Find also the equation to the diameter through the origin. 

30. Prove that if a parallel be drawn through the centre of tl 

circle - 2fy = Q to the x-axis, it will meet the bisector of z8 

on the circle. 


31. Find the distance of the centre of the circle 
a:* + P’ + 2px -t- 2/p -h c = 0 

from the line lx+my=l. If this distance is always constant wj 
is the locus of the centre t 
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32. (i.) Find the condition that the circle a;* +y®+2ja:+2y^+c = 0 
should pass through the origin. 

(iL) Find the conditions that'Xi' should touch it at O. 

(iii.) Deduce the locus of the centres of all circles which touch a 
given line at a given point. 

33. Prove that the locus of the mid-points of chords of a circle 
which pass through a given point is a circle. 

{Hint. — Take the centre as origin and the diameter through the 
given point as p-axis. See Ex. 8, Art. VI.) 

34. A rod is free to turn in a vortical plane round a fixed peg. 
A lead bullet is suspended by a string fixed to the end of the rod. 

Show that the path of the bullet as the rod turns is a circle. 

35. A and B are two fixed points. P is a variable point such that 
AP : PB -2:3. Prove that the locus of P is a circle. 

36. In last example show that the circle outs the line AB harmonic- 
ally at points C and D (see Chap. VII.). 

37. Write down the equation to a circle whose centre is at the 
point P = (o, h) and which has BO as rfwiius. Prove that it touches 
XX'. 

38. O is a fixed point on the circumference of a circle, whilo P is 
a variable one. OP is produceil its own length to Q. Prove that 
the locus of Q is a circle. 

39. Any pomt P is taken on the circumlorenoe of a circle whose 
centre is at the point (2, 4) and whose radius is 3 units in length. 

On OP a point Q is foimd such that OQ — .-OP. Prove that the 
locus of $ is a circle. 

40. ABC is a triangle right angled at C. A variable line per- 
pendicular to AB meets AC at P and BC at Q. Prove that the locus 
of the intersection of AQ and BP is the circum-circle of A ABC. 
(See Ex. 9, Art. VI.) 

41. A is a fixed point on a circle whose centre is C. AP is a 
variable chord of the circle. If Q is the mid-point of AP prove that 
its locus is a circle through A and C, touching the perpendicular to 
AC at A. 

42. A is a fixed point on OX and B one on 0 F. C is another 
fixed point such that OACB is a quadrilateral of area c sq. units. 
P is a variable point such that the square on OP is equal in area to 
the quadrilateral AC BP. Prove that the locus of P is a circle. 

Derive a geometrical interpretation of the equation 
x‘ + y'^+2gxJr2fy+c = (i. 



CHAPTEE XI 

Tangents : normals : cHOuns op contact 

The analytical principles now to be applied to the general 
equation to a circle, are the same as in the simpler case, 
where the origin was the centre. Chapter VI. ought therefore 
to be revised. 

I. Find the gradient of the choid joining the points {Xx, yf) 
and (j5j, yf) on the circle x^+ g^ + 2gx + 2fy + c = Q. 

The gradient of the line through the given points is 

|^:fMChap. III.) . . . (]). 

Since the points he on the circle, 

•• • ®i® + Vi + Vi + 2/2/1 + <^ = 0 
and xf' + yf' + + c = 0. 

Subtract, 

.- . (ici^ - xf') + (yx^ - yf’) + 2g{xx - ^a) + 2/(yj - 2/*) = 0, 

.- . (Si - x^{xx + X 2 + 2g} + (vi - y^)(yx + ^2 + 2/) = 0, 

(«i - ®a)(^i + x:i + 2g)=- {y^ - yf){yx + y* + 2f), 

_ _Xxfpx^^g ^y^-y^ 

yi + ya + 2/ 

= gradient of the chord [by (I)]. 

When finding the gradient of the chord joining two points 
on a circle the ordinary form (1) of the gradient can be used, 
but the form deduced in (2) has a particular advantage when 
we come to deal with the tangent, where the extremities of the 
chord coincide and we have to proceed to a limit. 

187 
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Example 1. — Find the slope of the chord joining the poinis (2, 3) 
and ( - 1, 4) on the circle a;*+i/®-2a:- 10^+21 =0. 

(i.) Use the expression for the gradient just found. 

We have p= - 1 and f—~5, 

2 - 1-2 
~ 3+4-10 

= -i. 

• = 161“ 34'. 

(ii.) Use the ordinary expression for the gradient, 

3-^4 
'2 + 1 


• . tan \f> = 


1 ^ = 161“ 34' as before. 


Example 2. — The line drawn from the^ centre of a circle to the 
mid-point of a chord, is perpendicular to the chord. 

Let the equation to the circle l)e a;^+y“+2ya;+2/y+c = 0. 

Then its centre is at the point {-g, -f). 

If (»i, yf) and (x^, y^) be the extremities of the chord, then its 
mid-point is 2 

Hence the gradient of the line joining the centre to this point is 

by Chapter III. that is, i'i+2'i+2/ 

i(^i+a:j)+S' x.i+x^ + 2.g 

Now we have proved that the gradient of the chord is 

a:i+a: g+2g 

~2^i+yi!+2/ 

The product of the gradients of the line and the chord is there- 
fore - 1. 

It follows that the two lines are perpendicular (Chap. III.). 


II. Find the gradient of the tangent at the point y^) on 
the circle a:^ -(-«/* + 2 ^a: + 2fy + c = 0 . 

We saw in last article that the gradient of the chord joining 

two points (a?!, y^) and (*2, ^2) 011 tli® circle is - 

In the case of the tangent these two points coincide. 

*2=2:1 and 

The gradient of the tangent is therefore - ~ ^^ 7 ’ 
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EXAlfiPLB 1 . — Find the. slope of the tangent at the point ( - 1, i) on 
the circle j/*- 2x- 10j/+21=0. 

In this example {f- - 1 and /= - 5. * 

Hence the gradient of the tangent at ( - 1, 4) = - ^ ^ ~ ~ - 2. 

4-5 

The slope is therefore 116° 34'. 


Example 2. — At what points on tke circle I if - - 11'2- 0 

IS -5 the gradient of the tangent i 
Let {xi, 2 /i) he such a point. 

Then amce g~ -2 and f=S, the gradient of tlie tangent is 
a-j-2 

2/1 + 3’ 

~ y’ ^3“ i hypothesis), 

.-. y,— -2a’, hi ... (I)- 
But since (a:,, y,) lies on the circle, 

r,My,^-4x,+6y,-ll’2 0 . . (^). 

Hence by (1) and (2), 

a:,« + (-2T,-i-l)^- 4a:i4 6(-2z, + I)- 11-2 0, 

.’. .5xi2-20i,-4’2-=0, 

<j = 4’2or - ’2, 

.’. - 19’4or l’4bby 1). 


Example 3. — Prove that the line joining the centre of a circle to the 
point oj contact of a tangent is at right angles to the tangent. 

Let x'^+y^-\-2gx-\-2fy-{ c-0 be the circle. 

Let (Xj, y,) be the point of contact of a tangent. 

Then since the centre of the circle is at the point ( - g, -/)> i* 

Vi+J 


follows that the gradient of the hne joinmg it to (x,, y,) is 


But the gradient of the tangent is 


Xi+p 

Hi+f 

The product of the gradients is therefore 
are perpendicular. 




1, so that the lines 


HI. Find the equation to the tangent at the point (ati, t/j) on 
the circle + y* + 2gx + 2fy + c = 0. 

In Chapter VIII. it was shown that y-yi = m{x-Xi) 10 tlie 
equation to a line passing through the point {x^, y^). 

Now in the case of the tangent 

TT 1 
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The equation to the tangent is therefore 

Whence (x - Xj){Xi +g) + {y~ 2/i)(J/i +/) = 0, 

.•.(051 + g)x + (^1 ^J)y - V - y^ - gx^ -fy^ = 0. 

But (x^, yj) lies on the circle. 

Xj^ + y^ + 2gxi + 2fy^ + c = 0. 

Hence by addition 

{Xi + g)x + {y^+f)y+gx^-^fy^ + c^Q . (1). 

This last equation can be written in a form easy to recall. 
Multiply out in equation (1) and collect terms as follows : 

*»i + 2/2/1 + ?(» + %) +/(?/ + Vi) +c = 0 . (2). 

Now if wc express the terms in the equation to the circle in 
full the result is 

xx + yy + g{x + x)+f{y + y)->rc = 0. 

In each term now replace oiie x or y by an Xj or a y^ as the 
case may be, giving 

xxi + yyi + J7(» + X^) +f{y + y^) + c = 0, 

which is the equation (2) found above. 

Example 1. — Find the equation to the tangent at the point (3, 2) 
on the circle x^+j(® + 10x+6y-55 = 0. 

On writing the equation to the circle as directed above we have 
»*+2/y+6(x+x)+3(y+s^) - 55 = 0. 

Then on replacing one x by 3 and one y by 2 in the appropriate 
terms, we obtain the equation 

3x+2y+6(x+3)+3(y+2) - 56 = 0, 

8i-( 5y - 34=0. 

Example 2. — Obtain the equation to the tangent at the point (2, - 5) 
on the circle x®+y' - 7x - 9y - 60=0. 

As usual we write xx+uu- llx+x) - Mlv+u) - 60 = 0. 

Then 2x - 5y - Hx+2) - f(y - 6) - 60 = 0, 

3x+19y+89 = 0. 

Example 3 . — Find the length of the perpendicular from the centre 
of the circle x*+y“ - 4x - 8y+10=0 to the tangent at the point (3, 1) 
and prove it equal 1o the radius. 

The equation to the tangent at the point (3, 1) is found by the 
usual process to be 

, x-3y»0. 
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The oentee of the circle is at the point (2, 4). 

Hence the length of the perpendicular from the centre to Hie 
2-12 

tangent = (Chap. V.) 

= v'lO (neglecting sign) . , (1). 

As shown in last chapter the equation to the circle can be written 
(a:-2)’“+(i/-4)*=10. 

The radius of the circle is therefore 

VIO . . . . (2) 

Hence the perpendicular is equal to the radius. 


• IV. Find the equation to the normal at the point (z^, iJi) on 
iha circle + y^ + 2gx + 2fy + c = 0. 

The normal to a curve at a point on it, is the perpendicular 
through the point to the tangent there, as has already been 
stated in Chapter VI. 

Since the gradient of the tangent at the point [x^, is 

- - r, that of the normal at the same point is . 

Vi+f ‘ ■'h+.d' 

The equation to a line through the point {Xj, y^) is 

t/ ^ 

In the case of the normal m =' ^ as we have just shown. 

Xy+g 

Vi+f, > 

" Vi+f + 

This is the equation to the normal. 


Example 1.— Write down the equation to the normal at the point 
(3, 2) on the circle x^+y^+lOx+Gg ~ 55-0, 

In this example g = 5, /=3, 3;j = 3 and yi = 2. 

The equation to the normal is therefore 
y-2jx-2 
2+3 3+5’ 

Bx - 8p+l =0. 


Example 2. — Prove that the normal to a circle passes through the 
centre. 

Let the equation to the circle be 

si^+y^+2gx+2fy +c = 0. 
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Jta centre is at the point ( -/)■ 

The equation to the notmal is 

i/i+/ x^+g' 

This lino passes through the centre if 

-g-xt 

y^+f * 1+3 ‘ 

That is, if - I = - 1. 

Hence the normal passes through the centre. 


V. Find the eqtmtion to a circle when the axes of reference are 
the tangent and normal at a point on it. 

We shall use the fact that the normal passes through the 



centre. 

Let Cs(o, k) be the centre 
of the circloj so that the radius 
is k units long. 

Then the equation is 
x^ + {y-kf‘ = h^, 
x^ + y^-2ky = Q. 


VI. Example 1 , — A pair oj lavgerUs is drawn from the point 
(10, 4) to ttie circle 2a:- 6y- 3 = 0. Find the equation to 

their chord of contact. 



Let the tangents touch the circle at the points (Xj, yf) and (x^, y^) 
The equation to the tangent at the point (x^, yf) is 
3^1+yyi - (*+®i) - 3(3/ +-3/,) -3 = 0. 

But the point (10, 4) lies on this line, 

.• 10a:i+4«/i-(10+a:,)-3(4+3/i)-3 = 0. 

9a:,+yi-26=0. 
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It follows that (xi, lies on the line 9x+y-25 = 0. 

Similarly it can be shown that the point [x^, y^) lies on this lin^. 

Hence 9a:+y-25-'0 is the equation to the line which passes 
through the points (Kj, i/j) and {x^ y^), or in other words it is the 
equation to the chord of contact of the tangents from the point 
(10, 4). 

Example 2 . — A pair of tangents is drawn from the origin to the 
circle a;^+2/*4-10.r-|-18i/ 1-2 — 0. Find the equation to the chord of 
contact. 

Let the points of contact ho (Xj, y,) and {r ,, y„). 

The equation to the tangent at the point (Tj, y^) is 
xxi +yyi + 5(x+xi) -]-Q(y+yi) +2 = 0 . 

Now this line passes through the origin, 

5rii-9yi+2 = 0 

The point (a;j, yf) therefore lies on the line 5i;+9y-f2 = 0. 

Similarly, it can be shown that the point (x,, y^) lies on this line, 

Hence the equation is that of the line joining (xj, y^) and (Xj, y^), 
that is to say, it is the equation to the chord of contact of the tangents 
from 0 to the circle. 

VII. Find the equation to the chord of contact of the pair of 
tangents drawn from the point (x' , y') to the circle 

H- y* -I- 2gx -f 2fy -c o = 0. 

The metliod used in the two e.xainples of last article is quite 
general, so that the reasoning applicable to the general case 
should be easy to follow. 

Let (Xi, tjj) and (r.,, be tbe points of contact of the tangents 

from (x'j y') to the circle. 

The equation to the tangent at (Xj, yf) is 

+ yUi + S'(® + *j) +f(V + lh) + ^=^^- 

But (x', y') lies on this line, 

. • . x'xj -t y'y] t g(x' + Xj) +f{y' -t ^j) -t c = 0, 

{x'+g)Xi + (y' +f)yi +gx' +fy' +c=0. 

It follows that (Xj, yf} lies on the line 

(x' + g)x + iy' +f)y +g3>' +fy' + c = 0. 

Similarly (x^, yf) is a point on this line. 

Hence the equation is that of the line joining the points 
(Xi, ^i) and (xj, y^), or in other words it is the equation to the 
chord of contact of the tangents from (»', y') to the circle. 

o 



194 LENGTH OF TANGENT FROM GIVEN POINT ch.xi 


It can be arranged and written thus : 

xx' + yy' + g(x + x') +f(y + «/')+ c = 0, 
showing that its form is the same as that of a tangent. 

The point (x', y') does not, however, satisfy the equation 
to the circle as it doep not lie on the circumference. 

The procedure followed in writing down the equation to a 
tangent is obviously employed in the case of the chord of 
contact. 

Example 1. — Obtain Oie equation to the chord of contact of tangents 
drawn from the point {-9, 2) to the circle ~ 2x ~ 2y + 3 = 0. 

As in the case of the tangent we write 

xx+yy - {x+x) - (y+y) + S = 0, 

.-. -9x + 23/-(a;-9)-(y+2) + 3 = 0, 

.-. lOx-y- 10. 


Example 2.—-Fiwl the equalkm to the chord of contact of tangents 
drawn from 0 to the circle x^-\-y^ -2x - 2y + ‘i-0. 

As before we write 

XX \-yy - {x-\ X) - (y-l ?/) | 3 = 0. 

The required equation is therefore 

-x-y |-3 -0 
ora;-i-y = 3. 

Example 3. — If (xj, yf) lies on the chard of contact of O with respect 
to the circle of last example, then O lies on the chord of contact of (aq, ^i). 
We found that the chord of contact of tangents from O is x+y = i. 
Since (Xj, yfi lies on it, 

•*i+i/i--3 .... (1). 

Now the equation to the chord of contact of (Xj, yf) is 
xxi+yi/i - (x+Xi) - (s/+^i) + 3 = 6. 

This line passes through the origin if - Xj - yj + 3 = 0, 
which is true in virtue of (1). 

The chord of contact of (x,, yfi therefore passes through O. 

VIII. Find the length of the tatigent drawn from a fixed point 
(®i5 2/i) lo ® given circle. 

Let the radius of the circle be a units and let its centre 
be C = (h, k). 

The equation to the circle is therefore (* - h)^ + (y- W — 
Now = 

PT^ = (x^-h)^ + (y,-kf-a\ 

.-. PT= 
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The expression for PT" is easily obtained as follows. 

Arrange the equation to the circle thus : 

(x - k)'^ + (y- - or = 0. 

In the left-hand member put x = and ij = yi and PT^ is 
the result. 

Corollary. — If the equation to the circle is 
2,2 + yi + 2gx + 2fy + c = 0, 
then PT^ = f y/ 2gxi + 2/i/j -t c. 

Note. — The equation to the circle must he arranged so as to 
have the coe^ients of x‘‘ and y* unity. 

Example 1. — Find the length of the tangent drawn from the point 
(10, 3) to the circle - 2a;-|-4v- 1 ~0. 

We have ^^2 = 100 |-9 - 20+12 - 1, 

= 100 , 

pr=io. 

Example 2.— Find the length of the tangent draivn from the point 
(2, 1) to the circle x^+y^-2x+4g- 12 = 0. 

In this case PT'^ = 4 + 1 12, 

= - 7 , 

PI' = V - 7. 

Now V ~ 7 is an imaginary number, hence no real tangent can 
be drawn from the point (2, 1) to the circle. 

The point (2, 1) lies inside the cirolo. 

Example 3.^ — Find the length of the tangent drawn from the origin 
to the circle of last example. 

We have 02’“= -12, 

.-. OT= ^/-12. 

Hence OT is unreal, so that O also must be inside the circle. 
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SIGN OF a:* + y® + 2sfx + 2^+o 

IX. The circle x^ + y^ + lgx + ify + c — O divides the plane of 
the axes into two regions, such that the expression 
x^ + y^ + 2gx + 2fy + c 

has contrary signs for points in the two regions. 

Let P = (aj, 2 / 1 ) be a point in the plane of the axes. 

Let T be the point of contact of the tangent drawn from 
P (see figure, Art. VIII.). 

Then PT^ = x^ + y^ + 2gx^ + 2fyi + c. 

Now if P is without the circle PT is real, so that PT^ or 
+ 2 / 1 ®“ + 2gXj + 2fy^ + c must be positive. 

If, however, P is within the circle PT is unreal, and the 
expression + 2 / 1 ^ + + 2 / 2 /j f c must be negative. 

The last two examples of the previous article will have 
made this plain 

Example. — Show that the origin and the point (5, 3) both lie outside 
the circle - Zx-\-'ly+4i=(). 

When a: = 0 and y = Q then - 3a: + 72/ + 4= +4. 

When a; — 5 and jy=3 then x!^ \-y^- 3a: |-7v/-f-4 = +44. 

Both points therefore he outside the circle, for real tangents can 
be drawn from them to the circle. 


X. MISCELLANEOUS EXAMPLES 

Example 1.- — If from an external point a secant and a tangent be 
drawn to a circle, then the rectangle contained by the segments of the 
secant is equal to the square on the tangent. 

Take the external point as origin and the secant as axis of x. 

Let the equation to the circle be 

*“ + 2/^ + 2<7a: + 2/y + c = 0, 
and let the secant cut it at P and Q. 

At the points where the secant cuts the circle y = 0, 

.'. 3-*+2^a:+c = 0. 

If aTj and x^ are the roots of this equation, then 

XjX^ = C, 

OP-OQ = c, 

= square on the tangent from O to the circle. 

Example 2. — Find the locus of the points of contact of the tangents 
drawn from a given point to a system of concentric circles. 

Take the given point as origin and the line joining it to the 
common centre C as axis of x. 

Let C={a, 0 ). 
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Then “ 2ox+\ = 0 is the equation to a circle h^v ^g 

C = (a, o) as centre. By varying X we obtain the concentric system. 

Let y ) be the point of contact of the tangent from 0 to a 
circle of the system, 

x'^+y'^-2ax' + \ = 0 . (1). 

The equation to the tangent at (a:', y') is 

xx'-j-yy' -a(x+x')+\-0. 

But this lino passes through the origin, 

- ax' l-,\ = 0, 

.-. \=taa;'. 

Substitute in (1), 

x'^ I y'^-2ax' \-ax'- 0. 

The locus of {x', y') is the circle - ax 0. 

Example 3. — A variable line is drawn through a fixed point and 
cuts a given circle at P and Q. Prove that the locus of the intersection 
of the tangents at P and Q is tire chord of contact oj the tangents from 
the fixed point. 

Let if, k) be the fixed point. 

Let the tangents at P and Q intersect at P -{x', ?/'). 

Let the equation to the circle bo 

x^+y^ + 2gx \-2fy+c = 0. 

The equation to PQ the chord of contact of tangents from P is 
xx' -Vyy' +g(x+x') +/(y d-y') +c = 0. 

Now this line passes through the point {h, k), 

hx' I ki/'+g(h+x')+f(k+y'} j-c-O. 

{h+g)x'+{k-\ f)y' igh+fkAc-- 0. 

The locus of (x', y') is the straight line 

(h+g)x-i (k hflyPghpfk f c - 0. 

It is the chord of contact of the tangents from the given point. 
The equation may perhaps be more easily recognised if we 
re-arrange it as below, 

hx + ky+g{x+h)+f(y+k) |-c = 0. 

Note. — If the fixed point be chosen for origin the work is very 
much simplified. 


RESUME 

1. The gradient of the chord joining the points {Xi, yfi) and 
(xg, y^) on the circle a;® -h y® -t- 2yra; + 2/j/ 4 c = 0 

yi+Vs + Aj 

2. The gradient of the tangent at the point (xj, yfi) is - ** 

Vi+f 
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3. The equation to the tangent at the point (ajj, y-j) on the 
same circle is 

“i + 2/2/1 + <7(* + a^i) +/(y + 2/i) + c = 0 
OT (x^+g)x + {y I +f)y + gx^ ^fy^ + c = 0. 

4. The equation to the normal at the same point is 

y-yy^x-x^ 

Vx+f ®i+/' 

6. The chord of contact of tangents from {x' , y') to the 
circle is 

xx' + yy' + g(x + x') +f(y + y') + c~0 
or (x +q)x-\ iy’ +f)y+gx’ +fij’ fc = 0. 

6. The length of the tangent from {x’ , y’) is 
Jx'^ + y'^ + 2gx' + 2fy’ 4 c. 


EXAMPLES 

1. Prove that the points (2, 5) and (6, 3) lie on the circle 

x’‘+y^ -Qx-4y+3 — 0. 

Knd the gradient of the chord joining them by usmg both the 
ordinary formula and that obtained in Article I. 

2. In last question prove that the tangents at the points (2, 5) 
and (6, 3) are at right angles. 

3. The points { - 1, 6) and (3, 4) lie on the circle 

+ y" 1 8a: f lOy = 89. 

Find the gradients of the tangents at these points and of the 
chord of contact. 

4. Find the gradient of the normal at the point ( - 2, 5) on the 
circle a:* t-y'^ + Sa; - Sy+IT- 0. 

5. At what points on the circle a:'“+y® - 4a: + 6y + 3 = 0 have the 
tangents a gradient of J. 

6. Write down the equation to the tangent at the point (3, 4) on 
the circle a;* + y * + 2a: + 6y - 55 = 0. 

7. Write down the equations of the tangents in the following 
cases : — 

(L) point (2, 5) : circle a:® + y^ - 6a; - 4y+3 =0. 

(ii.) point ( - 1, 6) : circle a;*+y*+8a;+10y = 89, 

(iii) point ( - 2, 5) : circle a:®+y^+3a: - 8y + 17 = 0, 

(iv.) point (0, 0): circle a:®+y^+2ya;+2/y = 0. 
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8. Euid also the equations of the normals at these points, and in 

each case verify that they pass through the centre. ~ 

9. Eind the area of the triangle made by the axes and the 
tangent to the circle 2a:2+2y*-5a:+6y-6 = 0 at the point (2,-4). 

10. Write down the equations of the chordfs of contact of the 
tangents from the following points to the circles 

(i.) point (3, 4): circle 4-y’‘+8r; + 5y+2 -0, 

(ii.) point (-2, 6): circle _4j- ^7^ _ 5 - 0, 

(iii.) point (5, -2); circle 3^2-f3y^^- 275-- 6y-f 12^0, 

(iv.) point (0, 0) : circle 5r:-+5i/“- 15x- 30i/ + 10-=0, 

(v.) point (0, 0) : circle \-2gx->r2fy+c = 0. 

Work out the first example ah initio, giving the argument as in 
Article VI. 

11. Prove that the chord of contact of tangents drawn from the 
point (-4, 6) to the circle x^+y^ - 6x - 8y + 12 = 0 passes through 
the origin, and that the chord of contact of tangents from the origin 
passes through the point ( - 4, 6). 

12. A variable secant is drawn from the origin to cut the circle 

-Sy -6 -0 at tho points P and Q. 

lind the locus of R the intersection of tho tiuigents to tho circle 
at P and Q. 

(Hint. — Let E~(x', y'). Express the fact that its chord of 
contact passes through 0.) 

13. Calculate the length of the tangent from the point to the 
circle in each of the examples in Question 10. 

14. If from an oxtonial point a secant and a tangent be drawn 
to a circle, prove that the rectangle contained by tiie segments of 
the secant is equal to the square on the tangent. 

15. By findmg the length of the tangent from O to the circle 
*“+3/“ - 7x+6y - 8 --0, show that the origin is within the circle. 

16. Tell whether the point is within or without the circle in each 
of tho following cases : — 

(i.) point (.5, 8) : circle x^+y- l-6x+4y-4 = 0, 

(ii.) point(-4,3): circle x* ry^'+lOx - 5y - 12 = 0, 

(iii.) point (6, -1); circle 4x* |-4y*-20x + 18y + 6 = 0. 

17. Distinguish between tho two circles 

a;* +«/° + 23X +2/y + c = 0 

and x'^+y®+25rx+2/y-c = 0. 

18. Work out from a figure the equation to a circle which touches 
both OX and OY. Hence find two circles which touch the axes and 
pass through the point (2, 4). 

19. A point moves so that its distance from a fixed pdint is equal 
to the tangent from it to a given circle. Prove its locus to be a 
straight Une. 
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20. A variable point is such that equal tangents can be drawn 
from it to two given circles. Show that its locus is a straight line. 

21. The ratio of the tangents from a variable point to two given 
circles is constant. Prove that its locus is a circle. 

22. A system of circles passes through a given point, and are such 
that the t^gents drawn to them from a fixed point are of constant 
length. Prove that the locus of their centres is a straight line. 

23. Find the locus of the mid-points of a system of parallel 
chords of 

(i.) the circle 10y-f-4=0 : gradient of chords = J, 

(ii.) the circle x'^+y^-}-2gx-\-2fy~\-c~0. 

{Hint. — Use the expression for the gradient found in Article I. 
taking {x', y') as the mid -point of the join of (x^, i/j) and (x^, y^. 

24. The common chord of the circles +y^ ~2x-4y~20 — 0 
and x^+y^- lOrc-fiy - 20 = 0 meets them at A and B. Show that 
the four tangents at A and B are equidistant from the point (2J, J). 

25. Find the equations to the pair of tangents which can be 
drawn from the point (2, 1) to the circle x‘+y’^ -2x+‘iy = 0. 

{Hint. — Find where the chord of contact cuts the circle.) 

20. AB is a chord of a circle, 0 the mid-point of one of the arcs 
cut off. Prove that 0 is equidistant from AB and the tangent at A, 

Use the following stops ; 

(1) Take the mid-point of the arc as origin and the tangent and 

normal as axes. Hence obtain the equation to the circle. 

(See Art. V.) 

(2) Let A^{x', k) where k is the distance of the mid-point from 

AB. 

(3) Write down the equation to the tangent at A and find its 

distance from the origin. Then use in this result the fact 

that A lies on the circle. 

27. If from an external point a pair of tangents at right angles 
to one another be drawn to a circle, then each tangent is equal to 
the radius of the circle. 

Use this fact to prove that the locus of the external point is a 
circle taking as equation to the given circle 
(i.) a:»-|-y» = a® 

(ii.) x*+y^+2gx+2fy+c^0. 



CJJAPTEE Xn 

CONJUOATE POINTS : POLES AND POLAR8 

The reader is recommended to revise now those yortions of Chapter 
VII. which deal with harmonic division^ and with the ratio in 
which the join of two points is cut by a circle. 

I. Definition of Conjugate Points with respect to a circle. 

Let A and B be 

two given points and 
let their join cut the 
circle in P and Q. 

We say that if P 
and Q harmonically 
separate A and B, 
then A and B are 
conjugate points with 
respect to the circle. 

AP 

We must have 

In other words, the circle cuts AB internally and externally 
in the same ratio. 

II. Find the condition that the points A=(xi, yfj and 

B = (xg, yf) conjugate with respect to the circle x^ + y^ = aK 

Let tlfe circle cut the join of AB at a point (x', y') in the 
ratio X : 1 (see figure, last article). 

Then 

and (Chap. VIIL). 

1 "l- A 1 4" A 
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Now (a:', y'\ lies on the circle, 

. /a;i + Ar.A2 + 

••UfX j 

whence 

(V 1- Vi - - a^)\ + {x^ + y^ - a®) = 0. 

This equation is known as Joachimsthal’s Ratio Equation. 

AP AQ 

It gives the values of the ratios and 

If these ratios are equal in value and opposite in sign then 
the roots of the equation are equal in value and of contrary 
sign. 

XiX^ + y^y^- (Chap, VII. Art. IV.), 

.-. 2:1X4+ i/i|!/2 = 02. 

This then is the condition that the points A and B should 
be conjugate with respect to the circle. 


Example 1. — Tfce points (I, 2) and (3, 5) are conjugate points 
with respect to a circle having O as centre. Find the equation to the 
circle. 

Let the required equation be 

Then by the condition — have (I x 3) + (2 x 5) = o*, 

.-.a* = 13, 

.•.x2+j,2=13. 


Example 2. — Find a point on the x-axis conjugate with (3, 5) to 
the circle a:^ + y^= 15. 

Let the required point be (x', o). 

Then from the condition x^x^+y^y^ ~ a^ we have (3a;') + (2 x 0) = 15, 
.•. a;' = 5, and (x', o)=(5, 0). 

Example 3. — Find the hens of points conjugate with (8, 5) to the 
circle x^+if = 6. 

Let (*', y’) be conjugate with (8, 5), 

.'. 8a;' +5y' = 6. 

The locus of (x', y') is the straight line 8x4-5i/ = 6. 


III. Imaginary Points and Lines. 

When dealing with the intersections of lines and circles we 
found that the algebraic equations which arose on elimination 
of a variable were often such as had unreal roots. The result 
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was that we had imaginary numbers as the co-ordinates o4 the 
points of intersection. We then said that such a straight 
line cut the circle in imaginary points, language which was 
quite a natural parallel to the algebraic rcMilts. We therefore 
see that on a real straight line there are imaginary points. 
Take, for example, the equation »-(-?/ = 3. When x= 
then y = 3- J -i. Thus the imaginary point 

lies on the graph of the equation. In a similar manner we 
can obtain any number of such poinis. It therefore follows 
that a real straight line may be defined by two imaginary 
points. Let us find, for example, the straight line joining the 
imaginary points 

(7^,3-2V-l)and(- V- 2,3 + 2 ^-2). 

Suppose its equation to be Ix + my-l. 

.'. 17-1 f«t(3-2 V-l) = l • • (1). 

and -17-2 + w(3 + 2v-2) = l . . (2). 

Subtract, 

7-2)-2m(7-l+ 7-2) = 0, 

I - 2m = 0, 

.-. l — 2m. . . (3). 

Substitute for I in (1). 

.■ . 2to 7-1+’«(3-27“1)=^1i 

.-. 3m = l, 

••• = i 

Hence by (3) l = f. 

The required equation is therefore 

|® + Jy = l or 2x + y = 3. 

By the help of this equation we can now draw the real 
straight line which passes through the two imaginary points. 
Ordinary geometry would not enable us to do so. We require 
to call to our aid algebra, through which we can find the 
equation to the line, and so draw the graph. 

Consider next the equation y-Z = m{x-2). Its graph is 
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a straight line through the point {2, 3). If m has the value 
J -!S so that y - 3 = J ~ 5(x ~ 2) then the straight line is an 
unreal one. As we can assign to m any number of imaginary 
values, it follows that through a real point such as (2, 3) there 
pass an infinite number of imaginary straight lines. Now the 
point (2, 3) lies within the circle = 16, and therefore no real 

tangents can be drawn from it. What, then, would happen if 
we were to try to find the condition that the line y -3 = m(x-2) 
should touch the circle ? Though the geometrical construc- 
tion for the tangents fails, the algebraic work in no way breaks 
down. 

We have y — m{x - 2) + 3, 

.-. 2:2H-{w(a;-2) + 312 = 16. 

which gives (1 + m^)x^ - 2in{2m - 3>)x + {im- - 12)» - 7) = 0. 

The roots of this equation are equal if 

^m\2m - Zf = 4(1 + - I2m - 7), 

that is, if 12m*+12?)i + 7 = 0, 


The equation gives the gradients of the tangents through 
the point (2, 3). But the roots of the equation are unreal, 
hence the gradients being imaginary numbers, the tangents are 

Their equations are y -3 ~ — ? ^ 

-3-2 V£3 
6 


unreal. 
y-3 = 


(x’~2) and 
(a; - 2). These tangents will touch the 


circle in two imaginary points, so the question which naturally 
arises is “ What about the line which joins these imaginary 
points, the chord of contact of these unreal tangents ? ” If 
we worked out the co-ordinates of the points of contact and 
the equation to the line joining them we would find the latter 
to be 2x + Zy = 16, so that the chord of contact is a real line, 
npt a surprising result, as we have already shown that two 
imaginary points may define a real straight line. The root 
of the whole matter is this that in analytical geometry we are 
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geometrically interpreting algebraic results, and tbe reabty or 
unreality of the lines and points will depend on the natruJe of 
these algebraic results. Euclidean geometry is the counter- 
part of arithmetic, analytical geometry that of algebra. 

Definition. — The chord of contact of tangents from a point 
to a circle is called the “ Polar ” of the point. The point is 
called the “ Pole ” of the chord of contact or polar. 

IV. The locus of the copjugate point of (a:j, ivith respect to 
the circle x^ + y^ = a^ is the polar of (x^, yf). 

Let (^2, be any harmonic conjugate of (Xj, yf] with respect 
to the circle + = 

The locus of (ccj, yfi is the straight line xx^ + yy^-f’-^- 

But this is the equation to the chord of contact of tangents 
from (xi, j/i) to the circle (Chap. VI. Art. V.), which proves our 
theorem. 

If the point lie.s on the circle then the equation is that of 
the tangent to the circle at (xj, yf). 

Hence the polar of a point on the circle is the tangent 
thereat. 

The tangents are imaginary if (xi. ?/i) lies within the circle, 
but for a real circle and real point tlie polar is always a real 
line. 

If the point is on the circumference the two tangents are 
coincident, and consequently coincide with their chord of 
contact, which is then the tangent at the point. 

ExASrpiiE 1 . — Find the polar of the point (1, 2) with respect to the 
circle — 8 oTid draw it. 

The process of writing down the polar is the same as m the caae 
of a tangent at a point on the circle. 

The polar of (1, 2) is therefore the line x+2y=8 (Diagram 1). 

Example 2 . — Find the pole of the line 2r+3y = 6 with respect to 
the circle a:“-f y® = 10. 

Let {x', y') be the pole of the line. 

The equation to the polar of this point is 
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Diaobam 1. 


Hence the lines 2x+3y = 5 and xx'+i/y'=10 must be identical, 
and will therefore make the same intercepts on the axes. Equating 
these intercepts we have 


and 


^ (x-intercepts), 

o = -? (y-intercepts), 
o y 


•. xf = i and y' = 6, 
(x’, y')=(4, 6). 


Example 3. — Find where the polars cf the points (6, 2) and (7, 1) 
with respect to the circle 3^+y^ = 9 intersect. Prove that the point of 
irUersection is the pole of the line joining the two given points. 

(i) The polar of (5, 2) is 5x+2y=9. 

The polar of (7, 1) is 7x+y = 9. 

On solving these equations we find that the polars intersect at 
the point (1, 2). 
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(ii.) The polaf of the point (1, 2) is 

x+iy=Q .... (I). 

The equation to the line joining (5, 2) and (7, 1) is 

7:-6=f>2 (Chap. IX), 

.-. j:+2//=9 .... (2). 

Hence by (I) and (2) the join of (5, 2) and (7, 1) is the polar of 
the intersection of their polars. 

Example 4. — Find flie pole of the line Ix+my+n — O with respect 
to the circle = 

We may proceed as in Example 2, or as follows. Write the hne 
in the polar form xxi+yi/i-a-. 

We have lx+my= -n, 

I m , 

•. - x~ y=\, 
n n 

aH ahn . 

.-. ,'/ = «• 

n n 

( aH aHH\ 

This line is the polar of the point y “ ~ ^ r 

V. Find the condition that the points (Xj. j/j) and {x^, %) 
conjvgoXe mtk respect to the circle a:* + ;)■ + + 2f^ + c - 0, 



Let the circle cut the join of (xj, yj) and (x^, yf) in the ratio 


(\ ; 1), at a point (r', y). 
Then x' and y' = 


yi ±_^2 
1 + A 


Now since (x' , y') lies on the circle^ 

.-. x'^ + y'^ + 2ffx' + 2fy'+c=0, 


/x, + i.xA^ /yi + + 

+ V T+ A I l+A I+A ’ 
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(scj + A-ajj)® + (i/i + + 2g{xi + XXi)(l + X) 

+^(yi+'^y2)(i +x)+c(i + A)®=o, 

whence 


W + yi’‘ + %»2 + 2/1/2 + c) X 2 

+ 2 { XjX^ + 2/1I/2 + g(x^ + x^) +f(yi + + c } X 

+ (»i® + Vi + 23 -% + + c) = 0. 

This is Joachimsthal’s Ratio Equation for a circle whose 
centre is any point in the plane of the axes. 


AP AQ 

The roots of the equation give the ratios and gp. 

Now if {Xi, 2/j) and {x^, 1/2) are conjugate points these ratios 
are equal in value and of opposite sign (Art. I.). 

Hence the roots of the equation are equal but of contrary 
sign, so that there can be no term in X (Chap. VII. Art. IV.). 

:.XyXi + 2/12/2 + g{xi + x^) +f{y^ + 2/2) + c = 0 . 

This is the condition required. Writing it down is very 
similar to the process of writing out the equation to a tangent 
(Chap. XI.). 


Example 1. — Th^ centre of a circle in at the point (4, 10) and the 
points (3, 4) and (7, 9) are conjugate with respect to it. Find its 
equation. 

Its equation will be of the form 

-Sx- 2034 c=i0. 

If (3, 4) and (7, 9) are conjugate with respect to it, then by the 
condition found above we have 

(3 X 7) + (4 X 9) - 4(3 + 7) - 10(4 + 9) + c = 0, 

• c=93, 

.-. 8a: -20!/ +93 = 0. 


Example 2. — A circle passes through the. origin, the point ( - 1, 2), 
and has the points (3, - 2) and (6, 5) conjugate with respect to it. Find 
its equation. 

The equation to a circle passing through the origin is 
a:” + 2 /® + 2ga: + 2/t/ = 0. 

The point ( - 1, 2) lies on it if 

-23+4/+5=0 .... (1). 

The points (3, - 2) and (6, 6) are conjugate with respect to it if 
(3x6)+(5x -2)+gr(3+6)+/(-2+6)=0, 

.•.9g+3/+8 = 0 . . . . (2). 
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Solving (1) and (2) gives - J' and/= - 
••• = 

2i(a-My“)- m-aiy^o. 

Example 3 . — A circle passes through the origin, and the points 
( - h - 2) and (5, 8) are conjugate with respect to it. Find the locus 
of the centre. 

Let {x', y') bo the cojitn'. 

The equation to the circle ir. therefore 

■r- 1 - 1 /'* - tx'x - 2y'y 0. 

The points ( - 1, - 2) and (5, 8) are conjugate with respect to it if 
( - 1 x5)4 (-2 x8)-x'{-H 5)-2/'(-2 + 8)-(), 

4r'+6//'+21 = 0. 

The locus of tho centre is the str<ught hue -fx | fi//-|-21 --0. 

Example 4 . — Find the locm of the conjugate point of (3, 4) ^nith 
respect to the circle 10.r , 8//- 3- 0. 

Let (x'l y') ho any point conjugate to (3, 4), 

3. r'4 4y'- 10(x'-)-3)4 4(y'-! 4)-3-0, 

7x'-8/+17--0. 

Tho locus of {x'l y') is the straight line 7x - 8y f 17 0. 

VI. The Incus of a point conjugate to gfj with respect to 
the circle 3p‘+tf + 2gx + 2fii i-e=-0 is the polar of (.r^, yj). 

Let (.Tj, 1 / 2 ) be any point ronjugate lo (x,, //,). 

••• V3 + ?M2+.9('«i+'^2)+/{»/i + ?/i) <-« = y- 

The locus of (xj, yft is the straight lino 

+ yy\ + + ®i) +fiy + z/i ) + 

The equation is tliat of tho chord of contact of tangents 
from (x^, ijj) to the circle {Chap. XI. Art, VII.), which proves 
the theorem. Its equation is written down just as in the case 
of a tangent. 

Example 1. — Firui the equation to the polar of the point (4, - 3) 
with respect In the circle i^+j/'^-f 8x - llj-r 2 — 0. 

The equation i.s 

4. r-3(/ + 4(x+4)- y(y-3)+2 -0, 

16x-17»/+69=0. 

Example 2 . — Find the jmlar of the origin with respect in the circle 
x^-\-y^+2gx+2.fyfc---t). 

The equation is 

o.c ) oy I sr(x+o)-;-/(^4-o) tc = 0, 
gxAfy-pc=(i. 



210 


WORKED EXAMPLES. 


CHAP. XII 


VII. MISCELLANEOUS EXAMPLES 


Example 1. — A straight line culs the axes at P and Q so that 
Jp+QQ ** constant. Find the locus of the 'pole of PQ with respect to 
the circle a;*+s/“ = a“. 


Let = ® constant). 

Let (*', y') be the pole of PQ. 

The equation to PQ is therefore 

xx'+yf = a\ 

OP = ^ and 00 = "!. 
x' y 


OP^OQ 

.• ^ = r 

a^ 

The locus of (x', y') is the straight line x-i-y = ah. 


Example 2. — Find the locus of the poles, with respect to a given 
circle, of all Straight lines passing through a fixed 'point. 

Take the point as origin and let the equation to the circle bo 
x'^+i/-l-2gx+2fy+c=0. 

Let {x', y') be the pole of any line passing through O. 

Now the polar of {x', y') is the line 

xx' -\-yy' ■\-g{x+x')+f(y | j/')+c = 0. 

Since this line passes through the origui 
• •• gx’+fy'+c = Q. 

The locus of (x', y') is the straight line gx-i-fy+c = 0. 

It is the polar of the origin. 


Example 3. — A and B 



are two fixed points on the axes. A variable 
point P is such that the quadrilateral OAPB 
is constant in area. Prove that the polars of 
P with respect to the circle x'^-\-y'‘ = C^ pass 
through a fixed point. 

Let P=[x', y'), A = {a, o), and B^{o, b). 

Then the polar of P is 

xx'+yy' = c^ . . (1). 

But tsOBP + AOAP = quad. OAPB, 
k 

(a constant), 

4W 
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2AOBP \ 2AO^P = t, 

• W pay' = h, 
c* 

■ ■ +«*/') = . . . (2). 
Hence the equation to the polar of (P, i, ) ia 

+yy' = Pay') {by (1) and {2){, 

. ■ . [kx - })c‘‘-)x' + (kij - fls‘%' - 0, 

which is the equation to a straight line passing through the inter- 
section of the fixed straight lines kx-bc^-0 and hj-ac^ = 0, that 

is, through the fixed point 


ElAMPiiE 4. — A point P is taken on the circle z^py'^ = (P and 
perpendiculars PN and PM are dravm to the axes. If {x', if) is the 

pole of MN, prove + i = - 

z ‘ ij ^ a- 


Let P Pi). Then fV — (a;i, o) and M -[o, yf). 
The equation to MN is thcrcfoio 


•^1 Vi 
a- a- 
X\ II 
•i 


Vi 

Now this last equation is the polar of 
But MN is the polar of (.r', y'). 


Vj-j yf 


/ o , , a 
X = and u - 
X, " y 


■rt^“,and2/i = 

Now (a:j, yft lies on the circle, 

h/ti® 

a‘ 

a-, 

X ^ y ^ 

X “ y ^ a- 


Example 5. — The radius of a circle is 3 units awl the points (2, 4) 
and (7, 3) are conjugate with respect to the circle. Find the locus of 
the centre. 

Let {x', y') be the centre of the circle. 

Then the equation to the circle is 

(.x-x')^p{y ~y')i‘ = y, 

.-. 3?Py^-2x'x-2y'yp{x'^py'^-9)==0. 
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The points (2, 4) and (7, 3) are conjugate with respect to the 
cifclo ’ 

14+12-a:'(2+7)-2/'(4+3) + (a:'2+J/'“-9) = 0, 

. • . a'® +y'^ - 9x' - ly' - 17 = 0. 

The locus of (x', y') is a circle having its centre at (^, i), the mid- 
point of the join of the conjugate points. 

Example 6. — Find the equation to the pencil of lines which are 
the polars of points on YY' with reaped to the circle 
s^+y^+2gxq2fy+c = Q. 

(o, y') is any point on the y-axis. 

Its polar is i/2/'+<j(*-f/(y+2/')+c-0, 

■ ■■gx -\-fy + c +y’(y +f) 0. 

It is a straight line passing through the intersection of the line 
2/-t~/’=0, and of gx-\-fy-\-c = 0 the polar of O. 

As (o, y') moves along the y-axis we obtain a pencil of lines passing 
through the intersection of the i>air of base hnes. 

Example 7. — From a mriable point P perpenihculars PN and PM 
are drawn to the axes. If the polars of M and N with respect to the 
circle x^+y^ i-2gx+2fi/-i-c = 0 are at right angles, find the locus of P. 
Let Pb-IF, y'], 

. N=(x', o) and Ms{o, tf). 

The polar of N is 

xx'-i g(x f x')-fyy-f-c-0, 
ox(x'-\g)x\fy+gx' \-c = 0 . . . (1). 

Similarly the polar of M is 

gxY(y’^-f)y-vJy'^c=t) . . , (2). 

These lines arc perpendicular if 

(*'+?)!/ + (tf'+/)/=0 {Chap. 111. Art. 1.}, 

• •• gx' \-fy'+g‘‘+P=ii- 

The locus of P=(x', y') is the straight line gx+fy-\-g’‘+f^. 

It is parallel to the polar of O. 

RESUME 

1. The points (x^, yfj and (x^, are conjugate with respect 

to the circle x® + if + yfyi = a*. 

2. The polar of the point (x^, yfl with respect to the above 
circle is the locus of all points conjugate to (x^, yf). Its 
equation is xxi -f yy^ = a*. 

3. The points (xj, yf^ and (x.^, y^ are conjugate with respect 
to the circle x^ + y"^ t- 2gx -f- Ify + c = 0 

if XjXi + yi 2/2 +g(xi + Xg) +f(yi -t- + c = 0. 
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4. The polar of (aJi, with respect to this last circle is the 
line xxi + 2 / 2/1 + g{x + ail) +f{y +y^)+e = 0. 

6. The polar of a point is identical with the chord of contact 
of tangents drawn from the point. 


EXAMPLES 

1. Prove from definition that the points (3, 2) and (I, 1) are 
conjugate with respect to the circle x-+//- = 5. 

2. Use the test f i/iVa'a^ to jirove that the followuig pairs of 
points are conjugate with respect to the circles. 

( 1 .) pomts (2, 1) and (4, 4): circle x^+!/‘-12, 

(u.) pomts ( - 3, 2) and ( - 2, 5) ; ciicle //■“=- 16, 

(ill.) pomts (3, - 6) and (2,-2) : ciicle 1 / 18. 

3. The pomts (3, 4) and (5, 2) are conjugate with respect to a 
circle havmg 0 as centre Obtam its equation (Art. 11. Ex. l.j 

4. Obtain the equation to the circle which has 0 as centre and 
( - 6, 3) and ( - 4, 2) as conjugate pomts. 

5. Fmd a point on the line 5x 1 3i/ -30 conjugate to the point 
(1, 3) with respect to the circle x^ \-y~= 12. 

6. The pomts (x, y) and (.3, 4) are conjugate with respect to the 
circle x® + 2 /^ — 12. Find and clraw the locus of (x, y). 

7. Write down the equations to the poiars of the following points 
with respect to the gi\ en circles .— 

( 1 .) pomt (2, 4) : circle 

( 11 ) point ( - 3, 3) : circle x‘+y^~!i. 

(m.) pomt (0,-4); circle 12. 

(iv.) point ( - 3, -1): circle 3x*^ 3^1^ -8. 

8. Fmd the area of tlie triangle made with the axes by the polar 

of the pomt ( - 5, 2) with respect to the circle — 10. 

9. (Xj, ^ 1 ) and (r^, y^j are two pomts m the jilane of the ares. 

Write down the equations of their jxilars with respect to the 

circle x'‘+y“-a^. 

Work out the equation to a Ime through the origin and the 
intersection of the poiars. Prove that it is jierpendicular to the 
jom of (xj, yj) and (xj, i/,). 

10. Fmd the pole of the hno 2x - 3y = 4 with respect to the circle 
x*-i-«/® = 8. 

11. Find the pole of the lino 5a: = 2i/ + 6 with respect to the 
circle x‘+i/^ = 9. 



214 


EXAMPLES 


CHAP, rii 


12. The polar of the point P=(x', y') with respect to the oirole 
= cuts the aies at Q and JR. 

I 0^4 

Prove that the area of aOQR is 

13. In iast example draw perpendiculars PN and PJU to the 
axes. Prove that if the area of aOQR is constant, then so is the 
area of the rectangle ONPM. 

14. The equation to a system of concentric circles is a^+y* = r^. 

Find the pole of the line ia:+nty=l with respect to any one of 

them. (See Art IV. Ex. 4.) 

Use the results in next example. 

16. Prove that the poles of a fixed straight line with respect to 
a system of concentric circles lie on a straight Une through the 
common centre. 

16. A pencil of lines has the pomt {h, k) as vertex. 

Show that the locus of the poles of the rays, with respect to a 
oirole having 0 as centre, is the polar of {h, k). 

(Hints. — Take {x', y') as a pole. State the condition that its 
polar pass through the point (A, k).) 

17. A and B are two fixed points. A perpendicular pi is drawn 
from A to the polar of B with respect to a circle having O as centre, 
and a perpendicular pj is drawn from £ to the polar of A. Prove 
that pj X OA =pi X OB. (Salmon’s Theorem.) 

18. Prom points A and B tangents AP and BQ are drawn to a 
oirole. 

If = prove that A and B are conjugate points 

with respect to the circle. 

19. Prove that the following points are conjugate with respect 
to the given circles : — 

(i.) points (3, 6) and ( -8, 2): circle a;*+y*+4a:+6y4-3 = 0, 

(ii.) points ( - 2, 0) and ( - 6, -7): circlea:®+y® - 8a: + 10y -9 = 0, 

(iii) points (0, 0) and (- 10, -2): circle x“+y*+6a: - 18y + 12 = 0. 

20. The points (x, y) and (7, 5) are conjugate with respect to the 
oirole 2*®+2y*- 7x+9y-4 = 0. 

Find the locus of (x, y). 

21. Write down the equations of the polars of the given points 
with respect to the circles. 

(i.) point (4, 2) : oirole x®+y®+4a:+10y+7 = 0, 

(ii) point ( - 6, 7) : oirole x*+y®-f 6a: - 8y - 9 = 0, 

(iii.) point (0, - 2) : cirole a:*+^- 6a:+7y - 2 = 0, 

(iv.) point (0, 0) : circle a^+y^ - 8x+lly -3 = 0, 

(v.) point (3, 2): okole 3a:*+3y*+9a:-4y+12 = 0. 

22. A variable straight line passes through the point (3,-1). 
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(L) Ftnd the locus of its pole with respect to the circle 
a:3+2/“- 22+3=0. (See Ex. 16.) 

(ii.) Show that it is the polar of (3, - 1). 

23. A pencil of lines is drawn through the origin. 

Find the locus of their poles with respect ti> ti.e circle 

xi4-yi-\ 4x- 6y+5 = 0. 

24. Prove that the polars of the point (2, 1) with respect to the 

circles x^+y^+ix ~2y-i-5 -0 and x^ i 6y4 5=^0 intersect 

on the circle x^-^-y^ = 5. 

26. A circle passes through the origin and the 2 X)mt (4, 2). If 
the points (5, - 3) and (2, - 7) are conjiigato with respect to it find 
its equation. 

26. The jjairs of points [(3, 4) ; (6, - 2)] and [( - 2, 6) ; { - 3, - 4)] 
are conjugate with respect to a circle passing through the origin. 
Find the equation to the circle. 

27. A circle passes through the origin, and the points ( - 1, 3) 
and (2, - 4) are conjugate with re.sf)ect to it. Find the locus of its 
centre. 

28. A variable circle passes through a fixed point D. The 
points A and B are conjugate with reai)oct to it. Prove that the 
locus of its centre is a straight line, (flint.— Take L as origin.) 

29. A system of circles touches a given line at a given point A. 
Prove that the polars of a fi.xed ]>oint B form a pencil of lines. 
(See Chap. XI. Art. V. and Chaj). VIII.) 

30. A circle with centre O cuts the axes at A and B. If the 
pole of AB lie on the line 32+2y = 20, find the length of the radius. 

31. A variable straight line cuts the axes at P and Q. Find the 
locus of its pole with respect to the circle 2 ^-) ?/“ = a^ if 

(i.) oP^OQ"^’ 

(ii.) OP+OQ=~k. 

(iii.) OP OQ^k. 

32. A circle is drawn having O as ceidre. 

Pi and Pj are conjugate points with respect to it. 

PiN-i and P^N^ are perpendiculars to XX'. 

PiMi and P^M^ are perpendiculars to YY'. 

N is taken on the x-axis and M on the 2 /-axis, so that ON is a 
mean proportional to ONi and ON^, and OM is a mean proportional 
to OM^ and OMp 

The rectangle ONKM is completed. 

Prove that K lies on the circle. 

33. Find the equation of the circle with respect to which the 
following pairs of points are conjugate : 

[(1, 1) and (3, 6)] ; [(6, - 9) and ( - 2, 3)] ; [(0, - 4) and (4, 4)]. 
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34. Find the equation to the pencil of lines which are the polars 
of points on XX' with respect to the circle T‘'+y'^-]-2g3c-{-2fy-\-c~0. 
(Alt. VII. Ex. 6.) 

36. Prove that the radius of the circle which has 0 as centre and 
(z^i, yj) and (xj, y^) as conjugate points, is 

36. A circle passes through the points (a, o) and ( - a, o), and has 
the origin and (x', y') as conjugate points. Find its equation. 

37. The centre of a circle is the point (4, 6), and the points 
( - 1, 2) and (3, - 5) arc conjugate with respect to it. Find the 
equation to the circle. 

38. Prove that only one circle touches the axes and has the 
origin and a given point as conjugate points. 

What is the length of its radius ? (See Chap. XI. Ex. 25. ) 

39. The length of the tangent from the origin to a circle is 5 units, 
and the points (3, 2) and (5, - 3) are conjug.ite with respect to it. 
Find the locus of the centre. 


40. The radius of a circle is 3 units, and the points (2, 4) and 
(7, 3) are conjugate with respect to it. Find the locus of the centre. 

41. If the points ( - 2, 5) and (4, - 3) are conjugate with respect 
to a circle, and if the polar of the origin passes through the point 
(1, 1) find the locus of the centre. 

42. The polar of a point on the bisector of XOY with respect to 
a circle of centre 0 cuts the axes at A and B. The rectangle OAQB 
is completed. Prove that Q also lies on the bisector of XOY. 

43. From a point P on a circle whose centre is O and radius a 
units long, perpendiculars PN and PM are drawn to the axes. 


t (x', y') is the pole of MN, 





1 

a‘’ 


44. From a variable point P perpendiculars PM and PN are 
drawn to two straight lines at right angles to one another. 

The polar of M with respect to a given circle is at right angles 
to the polar of N. Prove that the locus of P is a straight line 
through the centre of the circle. 

Show that this locus is the same for all members of a concentric 
system. 

45. From a given point C perpendiculars CA and VB are drawn 
to two fixed lines at right angles to one another. 

Prove that the locus of the centres of all circles with respect to 
which the polars of A and B are perpendicular, is a circle passing 
through the intersection of the fix^ lines. 


46. Sj and 8^ are two given circles. Find the locus of a point 
whose polars with respect to the circles are, (i.) parallel, (ii.) per- 
pendicular. 
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47. Prove that if the polar of a point P with respect to a circle 
passes through Q, then the polar of Q passes through P. 

48. A point moves on a fixed straight line. Prove that its 
polars with respect to a given circle are concurrent. 

{Hinf.i . — -'Rither take the centre of the rude as the origin, or 
take the pole of the given line as origin.) 
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ORTHOGONAL CIRCLES AND COAXAL CIRCLES 


Definitions. — By the angle betiveen two circles is meant the 
angle between the pair of tangents at a point of intersection. 

If the angle between the two tangents is a right angle the 
circles are said to cut orthogonally. 

Note . — In our discussions, and in working examples, the 
coefficients of and «/* in the equations to circles are supposed 
to be unity, a condition already postulated. 

I. Two circles cut orthogonally if the square on the line joining 
their centres is equal to the sum of the squares on their radii. 

ACi passes through the centre 
of Sj since it is perpendicular to 
the tangent AC^. 

Similarly, AC^ passes through 
the centre of jSg, AC.^ being a 
tangent to Sj. 

Let Cl and Cj be the centres of 
the circles, and let rj and be their radii. 



Then 


Cf^^~AG.^ + AC^ (Pythagoras) 




as was to be proved. 

II. Find the condition that the circles 
x^ + y^ + 2 giX + 2 fjy + Ci =0 and a:* + </* + 2^2* + 2/22/ + C2 = 0 
should cut orthogonally. 

In this case = -f,) and G,= (-gz, -fi). 

and (Chip. X.). 
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Hence we have on stating that 

{'9i+ ^a)* + { - A +fiY=gi‘ +fi - CjS + - cjj2 

which gives Ci+Ct=2(g^g^+fJ^. 

In examples it is best to start from the condition 

but to save time we shall in some cases quote the condition 
just found. 

Example 1. — Prove, that tfie circles x‘ {-y‘‘ ~3x+Sy -2 = 0 and 
2;® +4a; - 5^ - 24 = 0 cut orthogonally. 

We have C\C^^ = +2)H( - 4 - 1)^ 

J. ‘'ji 

and riHr/ = (!Vl6+2)4 (4 + h‘ +24) 

= IV a, 

••• Ci).,^ = r^+r^. 

Hence the circles cut orthogonally. 

Example 2. — -A variable circle passes through the origin and cuts 
the circle ic*+y*-2a;+6y-8--0 orthogonally. Find the locus of 
its centre. 

The centre of the fixed crrcle is (1, -3). 

Let {F, y') be the centre of the variable circle which passes 
through 0. Its equation will therefore be a:“+y®- 2x'x-2y'y-0, 
Ftom the relation CfJJ^=r^+'ra^ we have 

(x'-l)H(y'+3)- = {l 1 9+8) + (t'2 
F -3y'+4 = 0. 

The locus of {x', y') is therefore the straight lino a: - 3j/+4 =- 0. 

Example 3.— A variable circle touches the x-axis and cuts the circle 
x^+y^+ix+l0y~2 = 0 orthogonally. Find, the hem of Us centre. 

Let lx', y') be the centre of the 
variable circle. 

From the figure we see that its 
radius is y'. 

Its equation is therefore 
(x-x'Y+{y-yy = y'^, 

- 2a;'a; - 2y'y+x'^=0. 

This circle cuts the circle 
F+y'^+ix+\0y-2 = O 

orthogonally if x'» - 2 = 2( - 2x' - 5y') (Art. II. : condition), 
x'^+4x'+10y'-2=0. 

The locus of [F, y') is the graph of the equation 
X® l-4x+10y'-2=0. 

It is called a parabola. 
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m. Definition. — The conunon chord of two circles is called 
tiieii Radical Axis.” 

IV. Prove that the radical axis of two circles is the hcus of 
points from which equal tangerUs can be drawn to the two circles. 

Let P=(x', y') be a point from which equal tangents can 
be drawn to the two circles 

a* + + 2gjX + 2fjy + Cj = 0 

and x^ + y^ + 2g^ + 2f^ + = 0. 

Equating the squares of the tangents from P to both circles 
we have x'^ + y'^ + 2g^x' + 2fiy' + = x'^ + y'^ + 2g^' + 2f^' + c^, 

•• • 2(5'i - g2)x' + 2(/i -ffjy' + (Ci - Cj) = 0. 

The locus of Pjs the straight line 

2(^1 - gftx + 2(/i -ffty + (Cj - Cj) = 0. 

Now this equation is evidently the same as is obtained by 
subtracting the equations of the two circles, hence it is that of 
their common chord or radical axis (Chap. X. Art. IV.). 

The circles need not intersect in real points. 

The nature of the intersections is a matter of indifference 
so far as the algebra is concerned. 

Example 1. — Find the radical axis of the two circles 
6a^+6y* + 16a: - 201 / + 18 = 0 and 3x^ + 3y‘ - 3j:+9i/ - 10 = 0. 

We must write the equations to the circles with 1 as the co- 
efficient of x^ and y®, 

xi‘+y^+3x- iy + ’f — O 
and x'‘+y^-x+3y- ^■1^ = 0. 

Subtract, 

.-. 4a;-7jf+ Vs* = 0, 

.■.60z- 10%+ 104 = 0. 

This is therefore the equation to the radical axis. 

Example 2. — Prove that the line joining the centres of two circles 
is perpendicular to their radical axis. 

Let the circles be 

*“ + 2/* + 2jia: + 2/, + (q = 0 
and a:“+y*+%^+2/jy+C8 = 0. 

Then the equation of their radical axis is 

2(?i - gi)x+2{fi -ffly+Ci - Cj = 0. 

The gradient of this line is 


gi-g t 

Ji ~ft 


( 1 ). 
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The centres of the circles are ( - g^, -/j) and ( - g^, -/j). 
The gradient of their join is 


~ /a+/i /1-/3 

-9i+gi 91- 9i 

Hence by (1) and (2) the product of the graAiu nts is 
The lines are therefore perpendicular. 


. ( 2 ). 

- 1 . 


V. Coaxal Circles. — A system of circles is said to be coaxal 
when each of its members passes through two given points A and B. 

The name is due to the fact that the chord AB is common 
to every member of the system, so that each pair of circles has 
the same radical axis. 



The points A and B may be real as in Fig. 1, coincident 
as in Fig. 2, and imaginary as in F''ig. 3, It is all a 
matter of circles cutting each other in two points real, coin- 
cident, or imaginary. It is of no moment to the algebra of 
the geometry what the nature of the points are. 

VI. Equation to a circle passing through the intersections of 
two given circles. 

Let x'^ + y^ + 2giJ: + 2fiy+Ci=0 

and x^ + y^ + 2g^ + 2fpj + Cj = 0. 

Consider now the equation 

(x^ + y^ + 2gpx + 2fiy + Cj) + A(a!2 + / + 2g^, + 2f^ + cf)=Q (1). 

On collecting terms we have 

(1 + A)a;2 + (1 + A)y2 + 2(gy + Xgffx + 2(/i + A/Jy + Cj + Ac^ =0 (2). 

Form (2) shows us that the equation is that of a circle, for 
there is no term in xy, and the coefficients of and y® are equal, 
each being (1 + A). 
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Equation (1) is satisfied by these values of x and y which 

a;» + 2/* + ^g^x + 2/jy + = 0 

and x^ + y^-\^ig^ + %f^y+c^ = 0 

simultaneously. 

It is therefore satisfied by the co-ordinates of the points of 
intersection of the two given circles. 

Hence the equation is that of a circle, passing through the 
intersections of the two given circles. 

Corollary 1. — The equation we are discussing is that of a 
circle coaxal with the given pair, for all three pass through the 
same two points, namely the points of intersection of the given 
circles. 

Corollary 2 . — It is the equation to a coaxal system of circles, 
for we obtain an infinite number of circles all passing through 
the intersections of the given pair by merely varying 

The two given circles are called the “ base circles,” and A 
is called the “ parameter ” of the system. 

Just as we spoke in Chapter VIII. of a pencil of lines passing 
through the intersection of a fixed pair, so can we now speak 
of a “ pencil of circles ” passing through the intersections of 
a pair of given circles. 

When we put A=0 in the equation 
x^ + y^ + 2gjX -i- 2f^y -t- c^ + X{x^ + y^ + 2g^ -i- 2/^^ -)- c^) = 0 
we have x^ + y^ + 2g^x + 2/iy Cj = 0 . 

If we write the equation thus 

^(a;2 2/2 + 2g^x 2f.pj + Cj) + {x^ + y^ + ig^x 4 2/^2/ + c^) = 0, 
and put A = 00 , then, since ^ =0j we have 

a:* + 2/2 4- 2^22! 4- 2 / 2 ^ + Cjj = 0. 

Thus 0 and 00 are the values of the parameter which give 
the base circles of the system. 

When A = - 1 we obviously obtain the equation to the radical 
axis. The radical axis is therefore a member of the system. 
Its radius is infinitely great. The reader will more readily 
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appretead this if he draws a circle with a very large radiua 
and observes how nearly straight any short arc is. Afi the 
radius is taken longer and longer, the circumference tends 
nearer and nearer to straightness. 

Corollary 2. — One and only one circle of a coaxal system passes 
through a given point. 

Every member of the system passes through two fixed 
points A and B. Hence if a third point C be given then only 
one member of the system can pass through it, since three 
points A, B and C uniquely define a circle. 

The property also follows, from the fact that when the 
co-ordinates of a given point are substituted in the equation, 
then only one value of A is obtained, so giving one circle. 
Example 1 below will illustrate this. 

Corollary 3. — The centres of a coaxal system are collinear. 

The centres of all the circles lie on the right bisector of the 
common chord. 

Analytical proof : Tiie equation to a coaxal system is 
(x^ +y^+ 2g^x + 2f^y + cq) + + y^ + 2g2X + 2f^i 


which gives 

x'^ + y- + 


2(<7i + ^ 2 )^ ^ 2(/i + A/^) Cl + Acj _ 
1 + A 1+A 


Let {x, y) be the centre of any member of the system. 


1 + A 


2 /“ - 


] +A • 


2/ “I” Q f 

By eliminating A we have ''^bence on sub- 


y+fi 

® +/i 


tracting unity from both sides we obtain — ■ ^ the 

locus of {x, y). It is the straight line joining the centres 
( -9i> -fi) and ( -g^ -f^ of the base circles. 


Example 1 . — Find the equation to a circle passing through the 
origin and the intersections of the circles 

= 5 and x^+y*+3a: - 8y- 10 = 0. 
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!^+y^+^x -&y- 10+X(a:®+y* - 5) = 0 
is the equation to a circle passing through the intersections of the 
given pair. If this circle passes through the origin 
then -10-5\=0, 

.-. X= -2. 

The required equation is therefore 

x‘+i/+Sx-8y-10-2(x"+if-5)-0 
or a:®+y^-3a;+8y=0. 

There is only one circle, which is consistent with the fact that 
three points define a circle. 

Example 2. — Find the equation to a circle passing through the 
origin, and the points where the line 2x-Zy=\‘2, cuts the circle 
x^+y^ = 60. ' 

x‘' - 60 + X(2a: - % - 12) = 0 

is the equation to a circle passing through the intersections of the 
given line and circle. If it passes through the origin 
then - 60 - 12x = 0, 

.-. X= -5. 

The required equation is 

x^+y^-m-5(2x-'iy- 12 ) = 0 

or x^+y^- 10x+15y=0. 

Example 3 . — Find the eguatimi to a circle which touches the x-axis 
and is coaxal with the circles x^+y^-t 12a: q-Sy- 33 = 0 and x-+y^ = 5. 

*2+ya4.12x+8y-33+X(a:2 + y*'-5)--=0 . (1) 

is the equation to a circle coaxal with the given pair. 

It cuts XX' or y = 0 where x^ + 12a: - 33+X(a;^ - 5) = 0, 

.-. (l + X)a:2 + 12a:-(33+5X) = 0. 

Now the roots of this equation are equal, since XX' is to touch 
the circle, 

.-. 144= - 4(1 + X)(33 +0X) (Chap. V. Art. VI.), 

.-. 0X2+38x+69 = 0, 
which gives X = - 3 or - V- 

There are thus two circles coaxal with the given pair, which touch 
the x-axis. This is in accordance with the fact that two circles can 
be drawn to pass through two given points and touch a given line. 

From (1) their equations are 

2 :® + y* - 6a: - 4y + 9 = 0 
and 9x^q-9y® - 30x- 20y- 25 = 0 

Example 4. — Find the equation to a circle which touches the line 
a:+2y=6 and passes through the intersections of the circle x®-fy^ = 4 
wiih the y-axis. 

x^-iy^-4:+\x = 0 

is the equation to a circle passing through the intersections of the 
circle a:*-f y* = 4 and the y-axis or x = 0. 
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This circle has to touch the line x+2p = 6. 

E limin ating x to find the ordinates of their interseotjons wabave, 
since x~6-2y, 

(6-2y)H!/=+M6-2!/)-4 = 0, 

. • . 01^2 - 2(\ + 12)1/ + 2{3X + 1 6) - 0. 

The roots of this equation are equal since the points of inter- 
section are coincident, 

4(X + 12)2^40(3X4-16) (Chap. V. Art. VI.), 

.-. X2-6X-16 = 0, 

.•. X = 8 or -2. 

Hence two circles satisfy the given conditions, namely, 
n;24.j/2_2a:-4 = 0 
and x‘-ty^-\-8x-4 = 0. 

Example 5.— Discuss the coaxal system 

(a:2-f?/2 j Oa._4)q_x(rr2-|_j,s_3x-4) = 0 
and draw some members of the system. 

The base circles of ttu» system are 

^^+y^+2a;-4 = 0 
and a:2 4.y2 _ 3 j, _ 4 = q. 

Their radical axis is therefore *=0 or the iz-axis. 

This line cuts either circle at the points (0, 2) and (0, - 2). 

Hence all members of the system pass through these two points. 

The equation 

(a;2 7-1/2 2a: - 4) 4- x(a44.j,!! - 3r - 4) = 0 

can he written 

(x^+y^~t-2x - 4) h(a:2 4-1/2 _ _ 4) _o. 

A 

Hence 0 and oo are the values of the parameter X, which give 
the base circles. When X=-l we have the radical axis af=0. 
An infinity of unreal circles is obtained by assigning to X imaginary 
values. 

We show in Diagram 1 those members of the system for which 
X = 0, 00 , - s, - 4 ,- 6 , and - 1. 

VII. Equation to a system of circles passing through the 
intersections of a given line and circle. 

Let the equation of the circle be + y^ + 2gx + 2fy + c=() 
and that of the straight line be lx + my + n = Q. 

Then exactly the same reasoning as in the case of two 
circles will show that 

ti^ + y'^ + 2igx + 2fy + c4h{lx + my + n)-0 
is the equation to a circle passing through the intersections of 

Q 
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the given line and circle (two points), and therefore that by 
varying X a coaxal system is obtained. 

Corollary. — lx + Tny + n = 0 is the radical axis of the system, 
since it joins the points common to all the members. 

When we are free to choose the axes of reference ourselves, 
and to arrange other details in any problem connected with 
coaxal circles, we invariably take the line of centres as XX' 
and the radical axis is FF'. The system is then defined by 
means of FF' and a circle with 0 as centre, as we shall show in 
next article. 

f 

VIII. Find in the most convenient form the equation to 
a system of coaxal circles. 

Suppose that A and B are the two fixed points of the 
system. 

Take AB as axis of y and its right bisector as axis of x. 

Describe a circle with centre O and radius OA. Let QA = a. 

Then !B* + y = a* is the equation to this circle, 
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Hence a;® + j/* — a* + Xa; = 0 ie the equation to a circle pai^sing 
through the intersection of the circle just drawn and of the 



line AB {Art. VII.). That is to say, it is a circle passing through 
A and B. 

By varying A a coaxal system is obtained, whose centres 
lie on XX', the right bisector of the common chord AB. 

The equation x^ + y^ -a^ + \x=0 is usually written in the 
form a;® + 2 /® + 2 Aa; + c = 0 for convenience. 

The centre is at the point ( - A, 0). 

ExAMPl® \. — Prow (fuit lino lacmbeTS of a tooxal system- havt. a 

yiven radius. 

We can easily see from the figure of the article that this will be 
the case. Suppose, for example, that the given radius is 6 units. 
Then a circle with centre A and radius 5 rmite will cut xx' at two 
points 0 and C', and either of the circles with centres C and C and 
the given radius will pass through A and B. We proceed to prove 
this analytically. 

Let the equation to the coaxal system be 
a:® + y® + 2Xa: + c = 0. 

Let r be the radius of any member. 

Then r® = A® - c, 

X= ±Vr®+c. 

Hence if r be given, then X may have one of two values numeric- 
ally equal but opposite in sign. 

ExAMFliK 2 . — Find the members of the coaxal system 
x‘+y^+2\x+9 = 0 
which have a radius of 4 units. 

The square of the radius of any member = X* - 9, 

.-. X®-9 = 18, 

X™ ±6, 

Q2 
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The oiroIeB are :c^+y^+10x+9 = 0 

and - i0a:+9 = 0. 

Example 3. — Preyae that the polars of the origin mih respect to the 
circles of the coaxal system of last example form a set of parallel straight 
lines. 

The polar of the origin with respect to any member of the above 

9 

system is Xa:+9 = 0 or x= 

Hence for any given member we have a straight line parallel to 
YY', the radical axis. 

Example 4. — In the system of Example 2, find the member which 
cuts orthogonally that circle for which X= 1. 

When X=1 we have a;*+y®-)-2a;+9 = 0. 

Let the member which cuts it orthogonally be i* + ?/“ -)- 2Xa; + 9 = 0. 
The centres of these circles are ( - 1, 0) and ( - X, 0). 

From the condition CiC^ = rf‘-\-r^ we get 
(X-l)2=-(l-9)-f-(X»-9), 

whence X - 9. 

The required circle is therefore a;*+y“+18«+9=0. 

IX. The Ldmiting Points of a Coaxal System. 

Definition.~The point circles of a coaxal system are called 
the “ Limiting Points.” 

In Chapters V. and X. we stated that a point circle was one 
whose radius was zero (Art. I. of these chapters). 

Since two circles of a coaxal system have a given radius 
• it follows that there will be two which have zero radius, so 
that there will be two limiting points L and L'. 

Let the equation to the coaxal system be 
z* + y* + 2 Xa: + c = 0 . 

The square of the radius of any member = X® - c. 

The radius is therefore zero when X = + Jc. 

The equations to the point circles are therefore 
x* + 2 /* + 2a: ^/c + c=0 
and + — Jc + c = 0. 

These circles coincide with their centres, so that L and 
the limiting points are ( Jc, o) and ( - Jc, o). They are 
evidently imaginary if c is negative say -a®. In that case- 
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the common points A and B of the system are real, for the 
line x=0 cuts any circle of the system. 

X® + + 2A.X - a* = 0 (putting c= - a®), 
where j/®-a* = 0, 

that is, where y = + a (real numbers). 

Example 1. — Find tfte limiting poinis of the coaxal system 
x“4 ^^-|-2X.r:+9^0. 

The square of the radius of any member = - 9. 

The radius is therefore of zero length when X=. ±3. 

Hence the point circles of the system are 
r2 4-i/-+6a:+9 = 0 
and f - 6x4-9 - 0. 

These circles coincide with their centres, the limiting points. 

• i^(-3, 0)andi'=(3, 0). 


Example 2 . — Show that the coaxal si/stem f 2Xx - 7 = 0 

has imaginary limiting points. 

The square of the radius of any member = X“4-7. 

The radii of the point members are therefore given by X® 4-7=0 
or X = ± - 7. 

Since X is unreal it follows that the limiting points are imaginary. 


X. The Circle of Apollonius. — A point P moves so that the 
ratio of its distances from two fixed points A and B is constant. 
Prove that the locus of P is a circle. 

Take AB as axis of x and its right bisector as axis of y. 



.-. (1 - A.)x“ 4- (1 - h.)y^ - 2a(l + h.)x + a\l - X) = 0, 
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Tte locus of P=(x, y) is a circle having o| as 

centre. It is called the Circle of Apollonius. 

Corollary .- — If A. be varied from o to oo a system of coaxal 
circles having YY' as radical axis is obtained. We show them 
in the diagram below, taking AB—2 units. 

The limiting points can easily be shown to be .4 and B. 
Regarded as point circles they have as their parameters 
A=0 and A = oo . 



XI. MISCELLANEOUS EXAMPLES 

Examplb 1. — A variable cirde cvU a given circle orthogonally. 
If the tangents from a fixed point to both circles are equal, find tAe 
U)cw of the centre of the variable circle. 

Take the fixed point as origin and let the equation to the given 
oirole be 


**+y®+2(?a!+2/p+c=0. 
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Let (a/ , y') be the centre of the variable circle whose eocation 
will then be ^ 

- 2ar'* - 2^'^+c' = 0. 

The circles out orthogonally if 

c+c'= ~2{gx'+fy') [Ait.T\.\ (1). 

But the tangents from O to both circles are equal, therefore by 
equating their squares we have 

c = c' .... (2). 

Hence by (1) and (2), 

2c = -2(gxf-{-fy'), 

• ff-r^+yi/^+c = 0. 

The locus of (a', y') is the straight fine gx-l-/y-i-e = 0. 

It is the polar of O with respect to the given circle. 

Example 2.— A variable circle passes through a fixed point and 
cuts a given circle orthogonally. Find the locus of its centre. 

Take the fixed point as origin, and the line through it and the 
centre of the given circle as axis of x. 

Let (a;', y') be the centre of the variable cii’cle. 

Then the equation to the given circle will be 
®‘“-t-y'‘+29'a:+c = 0, 

and that of the variable circle which passes through 0 
4-^2 _ 2x'x - 2y'y = 0. 

These circles cut orthogonally, 

. c = - 2gx' (see Art. II.). 

c 

Hence the locus of (a:', y') is the straight line x= - 
It is parallel to T T'. 

Example 3.— I n a system of coaxal circles prove that the polar of a 
limiting point is the same for all members of the system. 

Let the equation to the system be 

x^+y^+2\x+c^=0. 

Then square of radius of any member = X® - c‘. 

This is zero when X = ■< c. 

The limiting points are therefore (c, o) and ( - c, o), as these are 
the centres of the point members of the system. 

The polar of (c, o) with respect to any member of the system is 
cx + X(x + c) + c® = 0, 

.•. c(x+c)+X(x+c) = 0, 

.-. (x+c)(c+X) = 0. 

Now c+X=hO in general, 

. •• x+js = 0. 

Hence the polar of (c, o) is the line parallel to the radical axis 
(t.e. YY'), which passes through the other limiting point ( - c, o). 
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Example i.—Prcfve that all circles which pass through a fixed 
point and have their centres on a given line pass through another fixed 
point. 

Take the fixed point as origin and 
the perpendicular from it to the given 
line as axis of y. 

Then the centres of all the circles 
have the same ordinate. 

^ Let («', /) be the centre of one of 
these circles. 

Its equation will therefore bo 
ix'x -2fy = 0. 

Now / IS a constant as we have already indicated, but x' varies 
from circle to cu-cle. 

Hence the circles form a coaxal system passing through the 
intersections of the line x = 0 with the circle x^+y^ -2fy = 0. 

The line x = 0 cuts this circle where - 2/y = 0, that is, where 
y = Q or 2/. 

The second fixed point is therefore (0, 2/). 



Example C . — Prove that if two circles cut orthogonally, then any 
diameter of the first is cut harmonically by the second. 

Take the diameter AB of the first as 
axis of X and let the equation to the circle 
be = 

Let the equation to the second circle 
be x^+y'^-{-2gx-]-2fy-{-c = 0. B 

Since the two circles cut orthogonally, 

.■.c-a='=0(Art. II.), 

. • . c — a^. 

The equation to the second circle is therefore 

3?+y^-\-2gx+2fy+a^^0 . . . ( 1 ). 

Let it cut AB the x-axis at a point P in the ratio ^ : 1. 

Now A = {a, o) and B=(-a, o). 



.-. Ps 

Hence since P lies on (1), 


I 

1 1 +X 



2051 ( 1 -’') 

• ■ (1+X)* 1+X 


|-a“ = 0. 


Which gives (g - a)\^ - (gr+o) = 0 

...X=± 

V g~a 


Since the two values of X are of the same magnitude but of 
opposite sign, it follows that the second circle divides AB externally 
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and internally in the same ratio, or in other words divides it har- 
monieally. 

Examfle 6 . — A mriabU circle cuts two fixed circles. Prove that 
the radical axes of the variable circle and each of the fixed circles intersect 


on (he radical axis of the given pair. 

as axis of 

Take the line joining the centres of the fixed ciroles 
X, and their radical axis as axis of y. 

Their equations are therefore 

x^+y'^ (-2A,a'+h = 0 

■ .(1) 

and a:^-i-y“+ 2 \ 2 *+k = 0 

Let the equation to the variable circle be 

. (2). 

f2gx+2fyAc = 0 

. (3). 

The radical axes of (1) and (3) and of (2) and (3) are respectively 
- \)x+ifyAc - k = 0 


and 2(9' - Xj)j:+2/j/ +c - 1: = 0. 

By subtraction these lines intorsect on the line 2(\~\)x=0 
or * = 0 (Chap. VIIL Art. VI.), the radical axis of (1) and (2). 

RESUME 

1. Two circles with centres and and radii rj and 

cut orthogonally if + 

The analytical condition is Ci + C2=2(jiy2+/i/j). 

2. The common chord of two circles is called their “ Radical 
Axis.” It is the locus of points from which equal tangents can 
be drawn to the two circles. 

3. A coaxal system of circles is one whose members all pass 
through -two fixed points. These can be real, coincident, or 
imaginary. The equation to such a system is 

(cc* +'i/ + 2gjX + 2ffy + Ci) + A(a;* + c^) = 0. 

The parameter of the system is A. 

4. The most convenient form of the equation to a coaxal 
system is x^ + y^ + 2Xx + c=0. The two fixed points of the 
system are the intersections of the line !S = 0 and the circle 

a:* + y® + c = 0. „ , i, 

5. The point members of a coaxal system are called tne 
“ Limiting Points.” There are two of them, and they may 
be real or imaginary. 
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1. Prove that the circles 

*®+y*+4a:+10y+8 = 0 and ai'+y'+fte+Sy f 44 = 0 
out orthogonally. 

2. Prove that the circles 

*“+J/*+2x- 6y = 0 and a:*+y“ - Ix+iy - 17 = 0 
cut orthogonally. 

3. (i.) If the circles 

**+3/’ - 6r; - 14y+2 =0 and -ix- 10y + c = 0 

cut orthogonally, find c. 

(ii.) Prove that if the circles 

a:*+!/*+ 2 fl'i 2 :+ 2 /iy + Ci = 0 and 3^+y’‘ + 2g^x+2if^-{.c^ = Q 
cut orthogonally then their centres are conjugate points with 
respect to the circle 

4. A variable circle passes through the origin and cuts the circle 

- 10®+ \2y -9 = 0 orthogonally. Find the locus of its centre. 
(See Art. II. Ex. 2.) 

5. A variable circle touches the ®-axis and cuts the circle 
a;*+y*= 9 orthogonally. Find the locus of its centre. (See Art. II. 
Ex. 3.) 


6. A variable circle touches the y-axis and cuts the circle 
**+ J/“ - 5* = 0 orthogonally. Find and draw the locus of its centre. 

7. Find the radical axes of the following pairs of circles and draw 
the systems of (1) and (2) on squared paper. 

./ar‘+yS + 6®+4 = 0. 

H®*+y*-10y+17 = 0. 

fx^+y^ -9x+6y - 5 — 0. {N.B . — Find a point 

(®’+i/* - 3® - 6y+7 = 0. on each of this pair.) 
,o\ /4®^+4y®- 12®+20y- 15 = 0. 

3®” + 3y» + 6® - 3y + 8 = 0. 

Verify in each case that the line of centres is perpendicular to the 
radical axis. 


( 1 ) 


( 2 ){“ 


8. Write down the equation to a system of coaxal circles passing 
through the intersections of the circles 

**+y“ - 5®+4y -2 = 0 
and ®*+y®+3®-2y+6 = 0. 

(i.) Find the member of the system that passes through the 
origin. 

(ii.) Find the members of the system which touch XX'. 

(iii.) To which member of the system is the tangent from the 
* origin two units in length ? 
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9. Write down the equation to the family of ooaxal circles which 
pass through the intersections of the circles 

+ 1/® + 6* - 4y + 8 = 0 
and a:*+y*-2a:+6y- 10 = 0. 

(i.) Knd the two points through which ill the members pass 
and draw a few of the latter, showing the values of the 
parameter in each case. 

(ii.) Find the values of the parameter correct to two decimal 
places, for those members which have a radius of 4 units. 

(iii.) Find the equation to those members of the system which 
cuts the base circles orthogonally. 

10. Write down the equation to the coaxal system which is 
defined by the intersection of the straight fine 3x+4y = 12 and the 
circle - 8a; - 4j/-l-3 =0. 

Which member of the system has its centre on XX' ? 

Which member has its centre on the y-axis ? 

Draw the given fine and circle, and the two circles just found, 
showing in each case the \ alue of the parameter. 

11. A variable circle passes through the origin and has its centre 
on the line x+y = X Prove that it passes through another fixed 
point and find it. 

Steps: (i.) Write down the equation to a circle passing through 0. 

(ii.) State the condition that its centre lies on x+y = Z, and use 
it to eliminate one of the co-ordinates of the centre in 
the equation to the circle. 

(hi.) The result will be the equation to a coaxal system. Find 
the two points which define it. 

12. A family of circles touches Y¥' at O. Write down their 
equation and find the member which passes through the point 
( - 1. 3). 

13. In Example 1 it was proved that the circles 

x^+y'‘+ix ]-\Qy-\-^ = 0 and 6a:+8y-i44 = 0 

cut orthogonally. Prove that the radical axis is the polar of the 
centre of one with respect to the other. 

14. The variable circle x^-\ y‘ ~2x'x - 2y'y+c===0 cuts the fixed 
circle a:^-fy* = 9 orthogonally. 

(1) Prove that their radical axis is the polar of the centre of the 
variable circle with respect to the fixed one. 

(2) If the radical axis always passes through the point (3, 6), 
find the locus of the variable centre. 

16. On a given straight fine OX a variable length OP is drawn. 
0 is a point such that the area of the square on OQ exceeds that of 
AOPQ ny 4 sq. units. Prove that the locus of Q is a system of 
ooaxaj circles. 
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Draw some members of the system. What are the common 
points and what line is the radical axis ? 

16. Which members of the coaxal system a:^+i/*-2Xa:-16 = 0 
have a radius of 5 units ? 

17. Which of the following coaxal systems have real limiting 
points (Art. IX.) 1 

(i.) a:*+y2+2Xa:+4 = 0. 

(ii.) a;* fy®-2\a;-6 = 0. 

(iii.) i*4-y*-2\y+25 = 0. 

Draw figures showing the limiting points when those are real. 

18. Circle of Apollonius. A line is 6 units long. A variable 
point P moves so that the ratio PA : PB is constant. 

Prove that the locus of P is a member of a coaxal system. Draw 
the pencil of circles showing the limiting points. 

19. Ifi is a limiting point of the coaxal system 

s“+/+2Xa;+c» = 0, 

prove that XX' cuts any member of the system m two points, 
P and Q, such that OP ■ OQ = OL\ 

20. In last example verify that the tangents drawn from a point 
on the radical axis to all members of the system (including the 
limiting points) are equal. 

21. Prove that the polar of a limiting point with respect to any 
member of the system is a fixed hno passing through the other limiting 
point. 

22. Q is a variable point on the radical axis of the pencil 

^*+^+2\a:+c^ = 0. 

A circle is described, having Q as centre and the tangent from 
Q to the given coaxal system as radius. Prove that this circle is 
a member of another coaxal system which passes through the 
Uzfiiting points of the first family and has XX' as radical axis. 
Brove also that the two systems cut orthogonally, and that one of 
them has real and the other unreal limiting points. 

23. Prove that the polars of a given point with respect to a pencil 
of circles form a pencil of lines, 

24. A variable circle passes through a fixed point and has its 
centre on a given line. Prove that it is one of a pencil of circles 
having the given point and another fixed point as vertices. 

(Hint. — Take the fixed point as origin and a parallel to PT' as 
the line of centres.) 

25. A circle is described with O as centre. A system of circles is 
drawn with their centres on XX' so as to cut the first circle ortho- 
gonally. Show that the system is a coaxal one. 

26. Prove that the circle on the join of the limi ting points of 
a ooaxal system as diameter cuts all the family orthogonally. 
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27. If th© circle *^+y*+2jj:+2_/^+c=0 cuts the circles 

a~s+y»+2aa;+ita = o 
and ar2+y»+2te+i“=0 
orthogonally find g and c. 

28. Tangents are drawn from a limiting point to the members 
of a coaxal system. Find the locus of the points of contact. Com- 
pare this result with Example 23. 

{Hint . — State the condition that the tangent at (r', «') passes 
through L.) 

29. Find the locus of the centres of all circles which cut orthogon- 
ally the circles 

a:*+y*-l-2a:+3i/-3 = 0 
and x‘+y^ - 8x - 6y-f-2] - 0, 

30. Prove that the circle cuts each of the circles 

x^+y^+2z-{-2y + 5-0 and y^ -4*- 6?/ -(-5 = 0 orthogonally. 

Verify that the point (1, 2) lies on the first circle, and show that 
its polars with respect to each of the other two circles intersect on 
the first circle. 

31. In last example (xi, y,) lies on the first circle. 

(i.) Prove that its polars with respect to the other two circles 
intersect on the line 3 j;- 1 4y-|-3r, |-4y^-0. 

(ii.) Throw this equation mto such a form as to show that its 
graph cuts the first circle at the point ( - Xj, - yj). 

(iii.) Verify that the point ( -Xj, -yj) is the intersection of the 
polars, and hence prove that these intersect on the first 
circle. 

(iv.) State the property which has been established by these 
steps. 

32. A variable circle cuts a fixed circle orthogonally. 

Find the locus of its centre, if the radical axis always passes 
through a given point. 

33. VTiioh members of the system x*-|-y®-i-2yx - 4 = 0 touch the 
line y = 2x-f-3 ? 

Draw a graphical figure. 

34. PQ and HjS are equal lines of variable length, on OX and OF 
respectively. 

A point T moves so that the square on OT is equal in area to the 
sum of the triangles PQT and BST. Prove that the locus of T is 
a pencil of circles. 

35. A variable circle outs a fixed circle orthogonally. 

If the tangents from a given point to each circle are of equal length, 
prove that the locus of the centre of the variable circle is the polar 
of the point with respect to the fixed circle. 

36. A variable circle cuts two fixed circles orthogonally; find 
the locus of its centre. 
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37. Prove that the polars of a point on the radical axis with 
respect to all members of a coaxal system intersect on that axis. 

38. Prove that the three radical axes of three given circles are 
concurrent. 

39. A system of circles touch a fixed line at a given point Prove 
that the jjolars of all points on the fixed line pass through the given 
point. 

40. Two circles cut each other orthogonally. Prove that the 
centre of one is the pole of the radical axis with respect to the other. 

41. Two circles cut orthogonally. PQ is a diameter of one of 
them. Prove that Q lies on the polar of P with respect to the other. 

42. Prove that the locus of the centres of all circles which pass 
through a fixed point and cut a given circle orthogonally is a straight 
line. 

43. Find the condition that the two circles 

= 0 

and a:“+y^+ 2 j 2 a:+ 2 /jy+C 2 = 0 
cut orthogonally, in the following way : 

(1) Let (Xi, y,) be a point of intersection. Write down the 
equations to the tangents there to both circles, and state the 
condition that they be at right angles. 

(2) State the conditions that (»,, yj) lie on each circle, and add 
the two results. 

(3) Combine (1) and (2). 

44. Prove Example 6, page 232, as follows : 

(i.) Find the condition that the two circles cut orthogoiially. 
(ii.) Since P and Q harmonically separate A and B, they are 
therefore conjugate points with respect to the circle 
having O as centre. Work out the condition for this, 

• taking P=(xi, o) and Q=(a: 2 , o). 

(iii.) Find the ^adratic equation giving the points P and Q 
where XX' cuts the right-hand circle, and from it prove 
that the condition of (ii.) is true. 
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CHAPTER X 

(1.) X* + y^ - lOu - 6</ + 18 = 0. (2.) X* + )/* - 8® - <t!/ + 11 = 0 ; 

a;''+y*+12x-10j(+67 = 0j x^+y»-6y-U=0; x<‘+«/»+4x-12 = 0. 

(3). C = (l, 3), ^2; C^(-2, 4), r=3; C - (3, -4), r=6; 
0={i, -i)-r=s/\\-. (4.) 128-8;47-12. (6.) Eithcr(x+6)>+(s/-2)*=r» 
or i*+3/*+10x -4y+c=0 ; point inember=i>+j/®4-10x-4y+29 = 0. 
(6.) it’+y* - 6x4-21/4 10 = 0. (7.) x‘+y*+6x-9y = 0. (8.) A circle 

with the given point as centre. ( 9 .) x’ -|- y*-8x + 6y = 0. ( 10 .) 
»’4-!/*-4x-6j/-1-3 = 0. (11.) x*4-i/*-39=0. (1A) x®-i-j/“-2ci/-o*=0. 
(16.) x«4-J/‘-30j/4- 189 = 0. (17.) (1, 1) and (2. 3). (18.) (-3, 2); 
(1,6); 6; (-1,5). (19.) (6, 2). (a).)(-3,4). (28.) c. (23.) i/=x4-2: 
(3, 6) and (-1, 1). (24.) (2, 2) and (6, 8); 3x-2j/=2. (25.) (3, 3). 
( 86 .) 4x4-33/4-9 = 0^(27.) (x4-j/=4; 9^2); (2x4-3i/ = 23; 3^13); 

(x-3j/-f-6 = 0; (3x-4j/=12; 10). (88.) 2x>-|-2y*-6x - 73/ = 0. 

(89.) _38’6 ; 3x= 19y. (31.) pa''' of parallel straight lines. 

(38.) c=0; c=g = Q : the perpendicular to the given line at the point. 
(37.) x*4-3/“-26t/ = 0. 


CHAPTER XI 


(L) -5- (8.) - A: -5; -5. (4.) -2. (6.) (2-77, -6-07); (1-23, -07). 
(6.) 4x-t-73/=40. (7.) X- 33/4-13=0; 3x4-lls/=63; x -21/4-12 = 0; 

gx+fy=0. (8.) 3x4-j/=ll; llx-33/4-29 = 0; 2x4-3 /=!; fx-gy=0. 
(9.) 35-27. (10.) 14x-l-13i/4-48=0; 8x-193/=40; 19x-68H-57=^ 

16x4-301/^32; jx4-/3/-|-c=0. (12.) 5x - 83/= 12. (13.) \/71 ; ^86 

,y/82; \/3-2; tjc. (16.) Without; within; without. (17.) The origin is 
without the first and within the second. (18.) ®*-|-3/*-2ax-2oy-|-a*=0. 
^t o = 10 and 2. (19.) 6x 4- 3y -j- 30 = 0 ; 1/ 4-/ = ”*{x -t- g) where 

— gradient of parallel system. (^.)x=2y; 2x4-y=5. 
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CHAPTER XII 

{Z.) x>+y‘^23. (4.) ^*+^*-30. (5.) (4-5, ^ (6.) 3a;+4//- 12. 

(7.) 2x+4:y=Ti 3j:-5v+9 = 0; y+3^0; 9x+3i/ , b^O. (8.) 5. (10.) 
(4, -6). (11.) (Y. -3). (lA) (lr‘, mr*). (20.) 21 j:+29v=- 12. (21.) 
6x + 73 / + 25 = 0 ; 3i/ - 3* - 55 ; 5a: - 3i/ + 18 - 0 : 8a; - H«/ + 6 = 0 ; 
27 x+82/-|-43 = 0. (23.) 2x - .3?^ |- 5 =0. (25.) x‘+ - Gx+2y=0. (26.) 
z‘ + y‘ -4x + Sy .0. (27.) v = a; + 14. (30.) 4. (31.) a: + j/ = * 0 * ; 
a*(x + y) ~ kxy ; kxy a*. (33.) a;“+ ;/* 1 «x - 8;/ 1-4 = 0. (34.) 

Oo.a 

C |-x'(* 1-!/) (36.) x“ i-^s+ -7i/ - a“ = 0. (37.) 

- 8a: - 12i/4-3 = 0. (38.) a:'-|-^' where given point = (x', y'). 

(39.) 8X-V=14. (40.) x* t-i/a_9j._72,_pi7_o. (41.) a:-t-t^-|-23 = 0. 

(46.) (i.) The line of centres; (ii.) a circle. 


CHAPTER XIII 

(3.) 80. (4.) lOx - 12iy-l-9 = 0. (5.) The straight lines x= 4 3. (6.) 
v> = 5x. (7.) 6x -1- lOt/ = 13 ; 2y = x+2; 12y = 60x + 77. 

(8.) 2x2 + 2(/a - Ox + 6y = 0 ; 4x2 ^ 24x - 11 y h 36 = 0 ; 

4x2-|-4!/2-8x-|-7(y-f-4 = 0: 2x2+2v2-|-2x-!/+8 = 0. (9.) (1, 1) and 

( - 'iV. - /() i 12-23 or - -23 ; i.3a:2^ 13,^3 4. 38^. _ 2y | 14 = 0 and 
7x2 4. 7,, a + 26 x - 8y + 20 -= 0. (10.) (x2 j/* - 5x - 9 = 0 ; \ - 1) ; 

(3xa-f3i/24-20v-87 = 0; X=«). (11.) (3, 3). (12.) x2+)/2-|-10x = 0. 

{li.)x+2y = 3. (15.1 Take 0 as origin and 0 . 2 c as axis of X. Fixedpoints 
are (2, 0) and ( -2, 0). Radical axis is OY. (16.) x*-(-y*i 6x - 16 = 0. 
(17.) Nos. (i.) and (iii.). They are (2, 0) and ( - 2, 0) ; (5, 0) and ( - 5, 0). 
(27.) c= -1-2; g = (). (29.) 10x+9y=24. (32.) The polar of the point 
w.r. fixed circle. (33.) x2-(-y*-2x-4 = 0 ; x*-! iy2_ 22x-4 = 0. (36.) 
The radical a.xis of the two circles. 


THE END 
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